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Abstract

The ever-growing size of everyday data in the digital age has urged researchers to

devise new techniques for measurement, storage and restoration. A promising math-

ematical theory for this purpose is Compressed Sensing (CS), which goes beyond the

traditional sampling limits by simultaneously measuring and compressing data which

is known to have an underlying sparse structure. In this thesis, we analyze funda-

mental information-theoretic limits of CS, develop algorithms for adaptive estimation

and sensing of sparse signals and systems, and study the group randomness properties

of certain combinatorial structures which compose the measurement mechanisms of

some emerging CS frameworks.

We first study information-theoretic limits on the estimation error of CS recon-

struction algorithms, as well as universal sufficiency conditions on the number of

measurements required to reliably reconstruct a sparse signal from noisy measure-

ments.

Next, we develop several adaptive algorithms for estimation of sparse signals and

systems such as wireless communication channels. We show, both analytically and

through simulations, that these algorithms outperform the widely-used traditional
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algorithms for adaptive estimation.

Finally, we study the spectral behavior of random matrices from binary combi-

natorial structures, which have attracted recent attention due to their utility in CS

measurement mechanisms. Not only this problem is interesting from the random ma-

trix theory viewpoint, but also sheds light onto the group randomness properties and

design of pseudo-random sequences.
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Chapter 1

Introduction and Outline

One of the main challenges of living in the digital age, is the ever-growing need for

data storage. Fortunately, a large majority of these data, including images, videos,

sounds and texts, are compressible. This allows us to use devices which compress

and store the data, using only a fraction of the raw data in certain representational

domains. A careful choice of the compression method makes it possible to recover

the data accurately from its compressively stored version. This property is referred

to as sparsity or sparseness. In recent years, several researchers have been inves-

tigating the idea of employing the underlying sparsity of everyday signals in order

to acquire and store them more efficiently. This has led to the emergence of a new

branch of applied mathematics with many applications, including medical imaging,

computational biology, geophysical data analysis and communication systems.

In this thesis, we employ various techniques from information theory, adaptive

filtering and random matrix theory in order to address several fundamental questions

in sparsity-aware signal processing. We first study and determine fundamental infor-

1



Chapter 1: Introduction and Outline 2

mation theoretic limits on the utility of sparsity-aware signal processing. Next, we

develop fast, adaptive and online algorithms for estimation and sensing of sparse sig-

nals, as well the identification of linear and non-linear systems with underlying sparse

structures. Finally, we study the group randomness properties of certain combina-

torial structures, which have recently received much attention as efficient building

blocks for the sensing of sparse signals.

In the remainder of this chapter, we will first give an overview of compressed

sensing, which is the leading mathematical theory of simultaneous data acquisition

and compression. We will review some of the main reconstruction techniques in

compressed sensing, and highlight some of the fundamental questions therein. Next,

we motivate the need to incorporate sparsity-aware mechanisms in developing online

algorithms for compressed sensing and estimation of sparse signals and systems. Then,

we will pose the problem of group randomness of combinatorial structures in the

context of random matrix theory, and discuss its connection to compressed sensing.

In each of the above sections, we briefly give an overview of the existing results and

techniques and highlight our attempts to improve them. We will conclude this chapter

by giving an outline of the remainder of the thesis.

1.1 Compressed Sensing

1.1.1 Introduction

One of the most fundamental paradigms of signal processing is the Nyquist-

Shannon Sampling Theorem: it simply states that in order to perfectly reconstruct a
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bandlimited signal from its samples, sampling at a rate at least twice the bandwidth

of the signal is required.

Several researchers have tried to improve over the Shannon-Nyquist rate, when

there is more information about the spectrum of the underlying signal. For instance,

when the signal is multi-band, it has been shown that a sampling rate arbitrarily close

to twice the ratio of the Lebesgue measure of the spectral support to the total band-

width is enough to guarantee perfect reconstruction [82]. Several sampling schemes for

these signals have been proposed in the literature (See, for example, [37], [75], [101],

and [119]). However, Landau [83] proves that stable reconstruction is not possible for

any rate below the Shannon-Nyquist rate.

There are many practical signals of interest that are sparse, i.e., the signal has

only a few non-zero elements in a certain transform domain (not necessarily the

time or frequency domains). For concreteness, consider a class of one-dimensional

continuous signals X ⊆ L2([0, T ]), where L2([0, T ]) denotes the completion of the set

of continuous square Lebesgue integrable functions supported on the interval [0, T ].

Suppose that there exists a set of functions {ψi(t)}Mi=1, such that any x(t) ∈ X can

be represented as:

x(t) =
M∑

i=1

xiψi(t), 0 ≤ t ≤ T

We refer to the set Ψ := {ψi(t)}Mi=1 and the set of coefficients {xi}Mi=1 as dictionary

and transform coefficients, respectively. For a given x(t) ∈X , let L := |{xi|xi 6= 0}|.

If L ≪ M , we say that the signal x(t) has a sparse representation in the dictionary

Ψ. Also, if the signal x(t) can be well approximated (with a certain fidelity criterion)

with only taking L of the transform coefficients {xi}Mi=1, we say that x(t) has a sparse
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approximation in the dictionary Ψ. For instance, in the context of communication

systems, the error sequence occurred in the transmission of a block of data stream is

sparse and we are interested in detecting the error sequence [29]. As another example,

consider a two-dimensional image. Most images are not sparse in the spatial domain.

However, if we transform the image onto the wavelet domain, many of the elements

(denoted by the wavelet coefficients) are close to zero and hence the image can be

well approximated by a sparse signal in the wavelet domain.

Motivated by the sparseness characteristics of the practical signals, researchers

attempted to go beyond the Nyquist-Shannon Sampling Theorem: do we really need

to sample at a rate linear in the length of a signal, while we know that there are

only a few non-zero elements? Intuitively, the answer is no, since the sparseness

assumption is a priori information which we might be able to exploit to sample the

signal economically.

Yet, there are three fundamental questions beyond the Nyquist-Shannon realm:

1) How much can we compress the number of measurements, given the sparseness

assumption?

2) How can we sample efficiently, given the sparseness assumption?

3) How can we efficiently reconstruct the original signal given the compressed

measurements?

The field of compressed sensing aims at simultaneously addressing all the above

questions in a unified and tractable framework [27, 29, 46]. That is, if a signal is

known to be sparse in a certain representational domain, the premises of compressed

sensing are to acquire the signal with very few measurements, and to reconstruct
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it faithfully from these measurements, using sophisticated mathematical techniques

that aim to overcome under-sampling with the hypothesis of sparsity. Compressed

sensing has applications in medical imaging, high-speed digital-to-analog conversion,

computational biology, communication systems and statistical signal processing.

There has been a lot of research going on regarding the first question both from

the algorithmic and information theoretic points of view. The second question ad-

dresses the issue of designing the sampling scheme. In the Nyquist-Shannon sampling

regime, the sampling is carried out in both uniform and non-uniform fashions at a

rate higher than that specified by the sampling theorem. The sparsity assumption on

the other hand, allows one to carefully under-sample the underlying signal, and hence

the sampling strategy becomes of utmost importance. For example, if a signal has

only one non-zero element, we must be able to reconstruct it by not much more than

one measurement, if we design an appropriate sampling scheme to capture the trace

of the non-zero element. The third question has also attracted much attention, due

to the growing utility of compressed sensing in analyzing very high dimensional data

sets. In this thesis, we contribute to better understanding and providing answers to

each of these three questions.

1.1.2 A Canonical Model for Compressed Sensing

Suppose that we are interested in measuring, estimating or sensing a signal x ∈

C
M . Note that the discrete-time signal x may represent the transform coefficients

of a possibly continuous-time signal which is known to have a sparse representation.

In this case, the vector of transform coefficients x is related to the original signal



Chapter 1: Introduction and Outline 6

by the standard analysis operator defined over the dictionary in which the sparse

representation exists. As mentioned earlier, the traditional sensing technique would

measure each of the M coordinates of the signal individually. Compressed sensing

provides a framework to simultaneously sense and compress the data, whereas data

acquisition and compression are typically done in a two-stage fashion in traditional

sensing systems.

Suppose that x ∈ C
M is sparse and let the number of non-zero coefficients of x be

L such that L≪M . Similar to several other sensing frameworks, compressed sensing

is composed of the the analysis and synthesis stages. In the analysis stage, which is

commonly referred to as measurement, a linear combination of the components of the

signal are acquired via an N ×M measurement matrix A, such that L < N ≪ M .

Thus the measurement vector, y = Ax+ n is a lower dimensional vector than the

original signal, where n stands for the additive noise of the measurement process.

The synthesis stage, which is commonly referred to as reconstruction, provides an

estimate x̂ of the sparse representation x, satisfying certain error criteria. These two

stages compose the canonical framework of compressed sensing.

1.1.3 Noiseless and Noisy Compressed Sensing

In noiseless compressed sensing, the vector to be measured x has exactly L≪M

non-zero coefficients and the measurement process is of the form

y = Ax.

The question of more practical interest is when x is not necessarily sparse, but

can be well-approximated by its largest L components (i.e., it is compressible), and
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when the measurement process is noisy,

y = Ax+ n.

This problem is referred to as noisy compressed sensing. In this case, a theoretical

question of immense interest in the trade-off between the number of measurements

required N , the dimension M , sparsity L and the noise level ‖n‖2.

1.1.4 Reconstruction Methods

The problem of reconstructing a sparse signal from noisy measurements may be

posed in the following general form:

argmin
x
‖x‖0 s. t. ‖y −Ax‖2 ≤ ǫ, (1.1)

where y is the N dimensional vector of measurements, A is the N ×M measurement

matrix, ǫ controls the reconstruction error, and ‖ · ‖0 denotes the ℓ0 quasi-norm. For

the noiseless problems ǫ = 0, and for the noisy problems, ǫ > 0 and is a function of

‖n‖2. We will refer to the problem in (1.1) as the ℓ0 minimization problem.

However, solving the ℓ0 minimization problem for general A is NP-hard [94]. The

difficulty of this problem has caused many researchers to look for alternative recon-

struction methods. In what follows, we will review some of the signature methods

used for reconstruction of sparse signals from compressed measurement, as well as

techniques for obtaining sparse approximations.

ℓ1 Relaxation

One of the major techniques for sparse reconstruction in the literature of com-

pressed sensing is the ℓ1 relaxation approach [25, 26, 28–31, 35, 46, 47, 55, 56, 106, 116,
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121, 124]. For simplicity, suppose that x is real. Let AJ denote the sub-matrix of A

with columns corresponding to the index set J ⊂ {1, 2, · · · ,M}. We denote by |J |

the size of the set J .

We first consider the noiseless case, where the ℓ0 minimization problem is substi-

tuted by the following convex program:

arg min
x∈RM

||x||1 s. t. y = Ax. (1.2)

It has been shown in the literature that under certain conditions, the solution to (1.2)

coincides with that of (1.1) [29,46,49]. In particular, the influential paper of Canés and

Tao [29] introduces the notion of restricted isometry property (RIP), which identifies

certain measurement matrices under which the sparse solution to the ℓ0 minimization

problem can be obtained by the ℓ1 minimization.

Definition 1.1.1. (Restricted Isometry Constants [29]) For every integer 1 ≤ S ≤ N ,

we define the S-restricted isometry constants δS to be the smallest quantity such that

(1− δS)‖c‖22 ≤ ‖AJ c‖22 ≤ (1 + δS)‖c‖22,

for all index sets J such that |J | ≤ S and all c ∈ R
|J |.

Using this property, the following result was proved [29]: If an N ×M matrix A

satisfies RIP with δS + δ2S + δ3S < 1 and ‖x‖0 = L ≤ S, then the solutions to the ℓ0

and ℓ1 minimization problems are unique and coinciding.

Whether a measurement matrix A satisfies the RIP is NP-hard to check [29].

However, with high probability certain N ×M random matrices satisfy RIP where N

is a function of L,M and δS [29, 95]. For instance, consider N ×M matrices whose
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elements are drawn i.i.d. from a Gaussian distribution with mean zero and variance

1/N . It has been shown in [29] that if N > CL log(M/L), then A satisfies RIP with

constant δS with overwhelming probability, where C is a constant depending on δS.

It is also possible to substitute the ℓ0 minimization problem with the ℓ1 minimiza-

tion for the noisy compressed sensing setting, where n 6= 0, and signals which are

possibly not sparse but can be well-approximated by a sparse signal:

min ‖x‖1 s. t. ‖Ax− y‖2 ≤ ǫ, (1.3)

for a parameter ǫ > ‖n‖2. In this case, the solution x̂ satisfies

‖x− x̂‖2 ≤ c1‖n‖2 + c2
‖x(L) − x‖1√

L
,

where c1 and c2 are constants, and x(L) is the best L-term approximation to x [27,28].

For the additive white Gaussian noise model, the Dantzig Selector has been proposed

by Candés and Tao [30], with similar performance guarantees.

We finally note that obtaining the exact solutions to (1.2) or (1.3) via standard

optimization softwares comes with the price of high computational complexity in high

dimensional settings, and hence may not be suitable for online implementations on

typical computational platforms [41]. An active area of research aims at constructing

low-complexity algorithms to approximate the solution to these problems [48, 55, 56,

121].

Greedy Techniques

Another popular approach to reconstruction of sparse signal from compressed mea-

surements is based on greedy algorithms [117]. A canonical problem of this kind is the
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orthogonal matching pursuit (OMP) [88], which generalizes the classical orthonormal

basis algorithm. The OMP algorithm greedily chooses an index set I for the support

of the estimate x̂. Let r be a a residual vector, which is initially equal to y. At

each step, a column of the measurement matrix with the highest correlation with the

residual is chosen and its index is added to the estimate support. Then, the residual

is updated by removing the contribution of the updated support of the estimate, i.e.,

by projecting the residual onto the orthogonal complement of the subspace spanned

by the selected columns of the measurement matrix. This procedure will repeat a

total of L times, to output an L-sparse estimate for x [117].

By using ideas from list decoding of error correcting codes, variants of the OMP

algorithm such as the Subspace Pursuit [41] and CoSaMP [95] have been introduced.

These algorithms keep a set of columns of A at each step, which have the high-

est correlation with the residual, as the candidate set. Then, the support of the

estimate is updated by merging the current support with the candidate set and

choosing the L largest coordinates. The difference between the two methods is the

size of the candidate set, and it was shown empirically in [87] that Subspace Pur-

suit dominates CoSaMP. Both algorithms work for measurement matrices satisfying

certain RIP conditions, guarantee perfect reconstruction in the noiseless setting for

N > ČL log(M/L) for a constant Č, and provide performance guarantees similar to

ℓ1 relaxation techniques in the noisy setting.
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Coding Theoretic Methods

Relying on the remarkable success of error correcting codes in the past few decades,

some researches have tried to cast the problem of compressed sensing in the coding

theory framework [3, 24, 69, 72]. In [3], Akcakaya and Tarokh propose the Vander-

monde frame as the measurement matrix, and prove that with the help of alge-

braic decoding algorithms it is possible to uniquely reconstruct a sparse vector with

N = 2L + 1 measurements in the noiseless setting. This approach has been gener-

alized to other classes of measurement matrices and reconstruction algorithms. In

the noiseless case, methods based on encoding and decoding of codes from expander

graphs [72], and second order Reed-Muller codes [69] have been proposed. For the

noisy compressed sensing setting, methods based on LDPC codes [1,2,18] and cosets

of second order Reed-Muller codes such as Delsarte-Goethals and Kerdock codes [24]

have been investigated.

1.2 Adaptive Filtering and Identification of Sparse

Systems

1.2.1 Adaptive Filtering Setting

Often times in practice, direct modeling of the systems under study is either not

possible or is of very high cost. Examples are modeling of biological mechanisms or

data communication channels. In many of these cases, one can probe the system

with an appropriately chosen input and observe the output in order to infer a model
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for the system. This procedure is referred to as system identification. In particu-

lar, by obtaining such a model, one can control or steer the output of the system

by pre-processing of the input. This is commonly referred to as adaptive filtering.

Adaptive filtering is an important part of statistical signal processing, which is highly

appealing in estimation problems based on streaming data in environments with un-

known statistics [65]. For instance, it is widely used for echo cancellation in speech

processing systems and for equalization or channel estimation in wireless systems.

For concreteness, we give an overview of the conventional adaptive filtering setup,

which consists of a transversal filter followed by an adaptation block. The input to

the transversal filter at time i, denotey by tap-input vector, is defined by

x(i) := [x(i), x(i− 1), · · · , x(i−M + 1)]T (1.4)

where x(k) is the input at time k, k = 1, · · · , n. The tap-weight vector at time n is

defined by

ŵ(n) := [ŵ0(n), ŵ1(n), · · · , ŵM−1(n)]
T . (1.5)

The output of the filter at time i is given by

y(i) := ŵ∗(n)x(i). (1.6)

where (·)∗ denotes the conjugate transpose operator. Let d(i) be the desired output

of the filter at time i. We can define the instantaneous error of the filter by

e(i) := d(i)− y(i) = d(i)− ŵ∗(n)x(i). (1.7)

The operation of the adaptation block at time n can therefore be stated as the fol-

lowing optimization problem:

min
ŵ(n)

f
(
e(1), e(2), · · · , e(n)

)
, (1.8)



Chapter 1: Introduction and Outline 13

where f ≥ 0 is a certain cost function. In particular, if d(i) is generated by an

unknown tap-weight w(n), i.e., d(i) = w∗(n)x(i), with an appropriate choice of f ,

one can possibly obtain a good approximation to w(n) by solving the optimization

problem given in (4.5). This is, in general, a system identification problem and is the

topic of interest in Chapters 4 - 6.

1.2.2 Sparse Estimation and System Identification

As mentioned earlier, many real-life systems admit sparse representations, that

is they are characterized by small number of non-zero coefficients. Sparse systems

can also be found in many signal processing [23] and communications applications

[16, 79, 109]. For instance, in High Definition Television the significant echoes form

a cluster, yet interarrival times between different clusters can be very long [109]. In

wireless multipath channels there is a relatively small number of clusters of significant

paths [16]. Finally, underwater acoustic channels exhibit long time delays between

the multipath terms due to reflections off the sea surface or sea floor [79].

We are interested in obtaining sparse estimates to these signals, or in other words,

identifying these sparse systems. Let d(n) be the desired output at time n, contami-

nated with noise:

d(n) = w∗(n)x(n) + η(n)

where w(n) is the sparse parameter vector, x(n) is the tap-input vector at time n

and η(n) is the additive noise. In order to find a sparse estimate to w(n), one needs

to solve the following problem:

min
ŵ(n)
‖ŵ(n)‖0 s. t. f(e(1), e(2), · · · , e(n)) ≤ ǫ
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for a carefully chosen cost function f and threshold ǫ > 0. Let d(n) := [d(n−M +

1), d(n−M + 2), · · · , d(n)]T and X(n) := [x(n −M + 1),x(n −M + 2), · · · ,x(n)]T

be the vector of desired outputs and matrix of tap inputs from time 1 to n. Then, by

relaxing the above ℓ0 minimization to ℓ1 minimization, and choosing the quadratic

cost function
∥∥d(n) − X(n)ŵ(n)

∥∥
2
, one recovers the ℓ1 regularization technique of

compressed sensing. Note that d(n) and X(n) play the roles of the observation

vector and measurement matrix, respectively.

With this observation, the problem of adaptive sparse system identification or

estimation may be posed in various compressed sensing settings (See, for example,

[16], [11], [12], [36] and [78]). However, there are several other trade-offs to be taken

into account in this case, such as the trackability of the adaptive algorithm, the

possibility of recursive implementation and computational complexity per sample.

These trade-offs do not exist in the traditional compressed sensing setup, where the

underlying sparse vector is assumed to be constant, and the analysis and synthesis

stages are performed in a batch mode. These trade-offs are discussed in detail in

Chapters 4 - 6, where several viable solutions to the problem of sparse adaptive

estimation and system identification are proposed.
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1.3 Group Randomness Properties of Combinato-

rial Structures

1.3.1 Introduction

The need to process very high dimensional data in most of the compressed sensing

applications, such as medical imaging, computational biology and geophysical data

analysis, together with the relatively high complexity of the successful recovery al-

gorithms, have urged the researchers to resort to more efficient data acquisition and

recovery schemes. In particular, some researches have tried to simplify the recovery

process by introducing structure into the measurement matrix. Moreover, storing all

the elements of the measurement matrix can be burdensome for high dimensional

problems. Hence, the structure of the measurement matrix can potentially reduce

the computational and storage costs.

Several structured matrices have been recently proposed for compressed sensing.

Akçakaya and Tarokh [3] have introduced Vandermonde frames for noiseless sparse

recovery, along with a Berlekamp-Massey-type recovery algorithm. In [1,2], Akçakaya

et al. construct low density frames inspired by LDPC codes and use belief propagation

techniques for recovery. Applebaum et al. [8] have proposed the chirp sensing matrices

which allow very fast recovery for sparse Fourier signals. Calderbank et al. [24] intro-

duce a statistical version of the RIP, namely UStRIP, along with several deterministic

measurement matrices which act as near isometry on all but a small fraction of the

underlying sparse signals. Howard et al. [68] have constructed the Heisenberg frames

based on the Heisenberg representation of the finite Heisenberg group. Frames based
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on Reed-Muller codes along with a fast recovery algorithm has been introduced in [69]

by Howard et al. Recently, Gurevich et al. [62], [61] have introduced the oscillator and

extended oscillator frames based on the Weil and Heisenberg-Weil representations of

finite symplectic and finite Jacobi groups, respectively. Finally, Indyk [70] has in-

troduced frames based on hash functions constructed from extractor graphs together

with an efficient reconstruction algorithm. Hence, studying the spectral behavior of

structured measurement matrices, particularly those from error correcting codes, is

of interest.

1.3.2 Group Randomness of Combinatorial Structures

Other than its application in compressed sensing, studying the spectral behavior

of random matrices from error correcting codes is also of interest in characterizing

the group randomness properties of combinatorial structures.

There are two philosophical approaches to studying natural phenomena: one as-

sumes that every phenomenon comprises numerous random ingredients, which can

potentially exhibit deterministic collective behaviors. A canonical example of this

approach is the celebrated paradigm of central limit theorem in probability theory.

The second approach, on the contrary, interprets every phenomenon as intrinsically

deterministic, and associates randomness to a class of deterministic phenomena which

are computationally hard to perceive or tackle. A classical example is modeling the

Brownian motion in statistical physics.

Whether the first approach gives a better description of the reality or the second,

is a deep philosophical question, which has challenged philosophers, religious schol-
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ars and scientists for centuries. We do not intend to give a cutting answer to this

fundamental dilemma. Though, we must not be discouraged from taking a step for-

ward towards the answer to this question. That is, we intend to study objects which

are deterministic, and want to measure how much randomness they are capable of

manifesting.

As a concrete example, consider elements from a proper k-dimensional subspace

V of the n-dimensional binary vector space GF(2)n, where GF(2) is the binary Galois

field. Clearly, such elements are structured due to their membership in the proper

subspace V . Next, consider a normalized p× n random matrix Φ with ±1 elements,

whose rows are formed by uniformly drawing p elements from V under the mapping

0 7→ 1 and 1 7→ −1. In the jargon of coding theory, V is referred to as a k-dimensional

binary linear block code of length n. We investigate the asymptotic spectral behavior

of random matrices from binary block codes in Chapter 7. Binary block codes are a

class of combinatorial structures, which can be highly structures, but as we will see

in Chapter 7, they are capable of manifesting group randomness behavior similar to

random structures. We will study the group randomness properties of binary block

codes through their spectral behavior.

1.3.3 Group Randomness of Sequences

Pseudo-random sequences are deterministic sequences which exhibit certain ran-

domness properties, or more precisely, satisfy certain randomness tests [89]. A class of

such sequences denoted by pseudo-noise or PN sequences, are based on the shortened

first-order Reed-Muller codes Sm [86]. These sequences have several applications
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in communication systems, such as range-finding, synchronization, modulation and

scrambling (See, for example, [60]). The codewords of the shortened first-order Reed-

Muller code are known to have several appealing individual randomness properties.

Moreover, they are easy to generate using simple linear feedback shift registers [86].

Hence, they are very desirable in application.

Another class of pseudo-random sequences are the Gold sequences which are

widely used—among other applications—in Global Positioning System (GPS), due

to their desirable cross-correlation properties [99].

Studying the spectral properties of random matrices from such sequences, results

in the characterization of their group randomness properties. In particular, the results

of Chapter 7 motivate the need to design group randomness tests for pseudo-random

sequences.

1.4 Outline of this thesis

Chapter 2 considers the asymptotic achievability of the Cramér-Rao bound for

noisy compressive sampling. We consider the Cramér-Rao bound on the mean square

error (MSE) of unbiased estimators, where the estimator is provided with the locations

of the non-zero elements of the sparse vector. We refer to this class of estimators as

Genie-aided estimators. We constructively prove the existence of an asymptotically

unbiased estimator, namely the joint typicality decoder, which surprisingly achieves

the Cramér-Rao bound of the Genie-aided estimators without the knowledge of the

locations of the non-zero elements of the sparse vector.

In Chapter 3, we obain universal sufficiency conditions for the problem of asymp-
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totically reliable sparse recovery. The existing results obtain these conditions for a

fixed sparse vector. That is, for any fixed sequence of sparse vectors x ∈ CM such

that lim supLmini |xi| 4
√

logL
L

=∞, asymptotically reliable sparse recovery is possible

with any sequence of N ×M Gaussian measurement matrices, if N > CL, for some

constant C, with overwhelming probability. We extend this result by proving that for

all sequences of sparse vectors x ∈ CM such that mini |xi| ≥ µ0 for some constant µ0,

asymptotically reliable sparse recovery is possible for any sequence of N×M Gaussian

measurement matrices, if N > C̃L, for some constant C̃, with overwhelming proba-

bility. This result also provides universality sufficient conditions for the achievability

of the Cramér-Rao bound presented in Chapter 2.

We introduce a Recursive ℓ1-Regularized Least Squares (SPARLS) algorithm for

the adaptive estimation of sparse signals in Chapter 4. We present analytical and

numerical results for the convergence and the steady state mean square error (MSE),

which reveal the significant MSE gain of the SPARLS algorithm over the widely-used

RLS algorithm. Moreover, the simulation results suggest that the computational

complexity of the SPARLS algorithm (with slight modifications) can be less than

that of the RLS algorithm, for sparse vectors with fixed support. In particular, for

estimating a time-varying Rayleigh fading wireless channel with 5 nonzero coefficients

out of 100, the SPARLS algorithm gains about 7dB over the RLS algorithm in MSE

and has about 80% less computational complexity.

In Chapter 5, adaptive identification of sparse linear and nonlinear systems de-

scribed by finite Volterra models is considered. We extend the framework presented

in Chapter 4 and present a class of adaptive algorithms based on Expectration-
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Maximization and Kalman filtering. This algorithmic generalization and the par-

ticular form of the assumed parameter dynamics, enables us to develop several sparse

variants including RLS, LMS and fast RLS schemes. The proposed algorithms are

applied to two channel settings, namely the Power Amplifier (PA) dynamic nonlin-

earities in absence and presence of multi-path fading, which reveal significant MSE

gains over the traditional algorithms.

In Chapter 6, we establish a conversion procedure that turns greedy algorithms

into adaptive schemes for sparse system identification. In particular, a Sparse Adap-

tive Orthogonal Matching Pursuit (SpAdOMP) algorithm of linear complexity is de-

veloped, based on existing greedy algorithms, that provide optimal performance guar-

antees. Also, the steady-state Mean Square Error (MSE) of the SpAdOMP algorithm

is studied analytically. The SpAdOMP algorithm has a considerably low computa-

tional complexity, with significant MSE gains. The algorithm is used to estimate

Autoregressive Moving Average (ARMA) and Nonlinear ARMA channels. Computer

simulations reveal that the proposed algorithm outperforms most existing adaptive

algorithms for sparse channel estimation.

We study the empirical spectral distribution of random matrices from binary block

codes in Chapter 7. We prove that if the dual distance of the underlying binary block

code is sufficiently large, the asymptotic empirical spectral distribution is very similar

to that of random i.i.d. Rademacher matrices, which is given by the Marchenko-

Pastur distribution. We uniformly bound the absolute distance of the asymptotic

empirical spectral distribution to the Marchenko-Pastur distribution. Numerical ex-

periments on low-rate BCH codes confirm the theoretical results. Not only this result
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is interesting from the random matrix theory viewpoint, but also it introduces a new

criterion for the group randomness of block codes or sequences. In particular, we

study the group randomness of shortened first-order Reed-Muller codes and Gold se-

quences, and show that although both class of pseudo-random sequences have small

Kolmogorov complexity (compared to random i.i.d. sequences), they have very dif-

ferent spectral behaviors.

Finally, in Chapter 8, we summarize our contributions and provide possible future

research directions.



Chapter 2

Asymptotic Achievability of the

Cramér-Rao Bound for Noisy

Compressive Sampling

2.1 Introduction

In this chapter, we consider the problem of estimating a sparse vector based on

noisy observations. Suppose that we have a compressive sampling (Please see [29]

and [46]) model of the form

y = Ax+ n (2.1)

where x ∈ CM is the unknown sparse vector to be estimated, y ∈ CN is the obser-

vation vector, n ∼ N (0, σ2IN) ∈ CN is the Gaussian noise and A ∈ CN×M is the

measurement matrix. Suppose that x is sparse, i.e., ‖x‖0 = L < M . Let I := supp(x)

22
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and

α := L/N

β := M/L > 2

be fixed numbers.

The estimator must both estimate the locations and the values of the non-zero

elements of x. If a Genie provides us with I, the problem reduces to estimating

the values of the non-zero elements of x. We denote the estimator to this reduced

problem by Genie-Aided estimator (GAE).

Clearly, the mean squared estimation error (MSE) of any unbiased estimator is

no less than that of the GAE (see [30]), since the GAE does not need to estimate the

locations of the nonzero elements of x
(
log2

(
M
L

) .
=MH(1/β) bits, where H(·) is the

binary entropy function
)
.

Recently, Haupt and Nowak [64] and Candès and Tao [30] have proposed es-

timators which achieve the estimation error of the GAE up to a factor of logM .

In [64], a measurement matrix based on Rademacher projections is constructed and

an iterative bound-optimization recovery procedure is proposed. Each step of the

procedure requires O(MN) operations and the iterations are repeated until conver-

gence is achieved. It has been shown that the estimator achieves the estimation error

of the GAE up to a factor of logM .

Candès and Tao [30] have proposed an estimator based on linear programming,

namely the Dantzig Selector, which achieves the estimation error of the GAE up to

a factor of logM , for Gaussian measurement matrices. The Dantzig Selector can be

recast as a linear program and can be efficiently solved by the well-known primal-



Chapter 2: Asymptotic Achievability of the Cramér-Rao Bound for Noisy
Compressive Sampling 24

dual interior point methods, as suggested in [30]. Each iteration requires solving an

M ×M system of linear equations and the iterations are repeated until convergence

is attained.

We construct an estimator based on Shannon theory and the notion of typicality

[40] that asymptotically achieves the Cramér-Rao bound on the estimation error of

the GAE without the knowledge of the locations of the nonzero elements of x, for

Gaussian measurement matrices. Although the estimator presented in this chapter

has higher complexity (exponential) compared to the estimators in [30] and [64],

to the best of our knowledge it is the first result establishing the achievability of

the Cramér-Rao bound for noisy compressive sampling [11]. The problem of finding

efficient and low-complexity estimators that achieve the Cramé-Rao bound for noisy

compressive sampling still remains open.

The outline of this chapter follows next. In Section 3.2, we state the main result

of this chapter and present its proof in Section 7.3.

2.2 Main Result

The main result of this section is the following:

Theorem 2.2.1 (Main Theorem). In the compressive sampling model of y = Ax+n,

let A be a measurement matrix whose elements are i.i.d. Gaussian N (0, 1). Let e
(M)
G

be the Cramér-Rao bound on the mean squared error of the GAE, µ(x) := mini∈I |xi|

and α and β be fixed numbers. If

• Lµ4(x)/ logL→∞ as M →∞,
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• ‖x‖2 grows slower than Lκ, for some positive constant κ,

• N > CL, where C = max{C1, C2} with C1 := (18κσ4 + 1) and C2 := (9 +

4 log(β − 1)),

assuming that the locations of the nonzero elements of x are not known, there exists

an estimator (namely, joint typicality decoder) for the nonzero elements of x with

mean squared error e
(M)
δ , such that with high probability

lim sup
M

∣∣e(M)
δ − e(M)

G

∣∣ = 0

2.3 Proof of the Main Theorem

In order to establish the Main Result, we need to specify the Cramér-Rao bound

of the GAE and define the joint typicality decoder. The following lemma gives the

Cramér-Rao bound:

Lemma 2.3.1. For any unbiased estimator x̂ of x,

E
{
‖x̂− x‖22

}
≥ e

(M)
G := σ2Tr

(
(A∗

IAI)
−1
)

(2.2)

where AI is the sub-matrix of A with columns corresponding to the index set I.

Proof. Assuming that a Genie provides us with I, we have

py|x(y;x) =
1

(2π)N/2σN
exp

(
− 1

2σ2
‖y−AIxI‖22

)
. (2.3)

where xI is the sub-vector of x with elements corresponding to the index set I. The

Fisher information matrix is then given by

Jij := −E
{
∂2 ln py|x(y;x)

∂xi∂xj

}
=

1

σ2
(A∗

IAI)ij (2.4)
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Therefore, for any unbiased estimator x̂ by the Cramér-Rao bound [115],

E
{
‖x̂− x‖22

}
≥ Tr(J−1) = σ2Tr

(
(A∗

IAI)
−1
)

(2.5)

Next, we state a lemma regarding the rank of sub-matrices of random i.i.d. Gaus-

sian matrices:

Lemma 2.3.2. Let A be a measurement matrix whose elements are i.i.d. Gaussian

N (0, 1), J ⊂ {1, 2, · · · ,M} such that |J | = L and AJ be the sub-matrix of A with

columns corresponding to the index set J . Then, rank(AJ ) = L with probability 1.

We can now define the notion of joint typicality. We adopt the definition from [4]:

Definition 2.3.3. We say an N × 1 noisy observation vector, y = Ax+n and a set

of indices J ⊂ {1, 2, · · · ,M}, with |J | = L, are δ-jointly typical if rank(AJ ) = L

and ∣∣∣∣
1

N
‖Π⊥

AJ
y‖2 − N − L

N
σ2

∣∣∣∣ < δ (2.6)

where AJ is the sub-matrix of A with columns corresponding to the index set J and

Π⊥
AJ

:= I−AJ (A
∗
JAJ )

−1A∗
J . We denote the event of δ-jointly typicality of J with

y by EJ .

Note that we can make the assumption of rank(AJ ) = L without loss of generality,

based on Lemma 2.3.2.

Definition 2.3.4 (Joint Typicality Decoder). The joint typicality decoder finds a set

of indices Î which is δ-jointly typical with y, by projecting y onto all the possible
(
M
L

)
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L-dimensional subspaces spanned by the columns of A and choosing the one satisfying

Eq. (3.1). It then produces the estimate x̂(Î) by projecting y onto the subspace spanned

by AÎ:

x̂(Î) =





(
A∗

ÎAÎ
)−1

A∗
Îy
∣∣∣
Î

on Î,

0 elsewhere.

(2.7)

If the estimator does not find any set δ-typical to y, it will output the zero vector as

the estimate. We denote this event by E0.

In what follows, we show that the joint typicality decoder has the property stated

in the Main Theorem. The next lemma from [4] gives non-asymptotic bounds on the

probability of the error events Ec
I and EJ , averaged over the ensemble of random

i.i.d. Gaussian measurement matrices:

Lemma 2.3.5 (Lemma 3.3 of [4]). For any δ > 0,

P

(∣∣∣ 1
N
‖Π⊥

AI
y‖2 − N − L

N
σ2
∣∣∣ > δ

)
≤ 2 exp

(
− δ2

4σ4

N2

N − L+ 2δ
σ2N

)
(2.8)

and

P

(∣∣∣ 1
N
‖Π⊥

AJ
y‖2− N − L

N
σ2
∣∣∣ < δ

)
≤ exp

(
− N − L

4

(∑
k∈I\J |xk|2 − δ′∑
k∈I\J |xk|2 + σ2

)2
)

(2.9)

where J is an index set such that |J | = L, |I ∩ J | = K < L, rank(AJ ) = L and

δ′ := δ
N

N − L < min
k
|xk|2.

Proof. The proof is given in [4].
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Proof of the Main Theorem. Let A be the set of all N × M matrices with i.i.d.

Gaussian N (0, 1) entries. Consider A ∈ A. Then, it is known that [29] for all

K ∈ {1, 2, · · · ,M} such that |K| = L,

P

(
λmax

( 1

N
A∗

KAK

)
> (1 +

√
α + ǫ)2

)
≤ exp

(
− 1

2
M

√
H(1/β)√
αβ

ǫ

)
, (2.10)

and

P

(
λmin

( 1

N
A∗

KAK

)
< (1−√α− ǫ)2

)
≤ exp

(
− 1

2
M

√
H(1/β)√
αβ

ǫ

)
. (2.11)

Let A(α)
ǫ ⊂ A, such that for all A ∈ A(α)

ǫ , the eigenvalues of 1
N
A∗

KAK lie in the

interval [(1−√α− ǫ)2, (1 +√α+ ǫ)2]. Clearly, we have

PA

(
A(α)

ǫ

)
≥ 1− 2 exp

(
− 1

2
M

√
H(1/β)√
αβ

ǫ

)
.

where PA(·) denotes the Gaussian measure defined over A. It is easy to show that

E
A∈A(α)

ǫ

{
f(A)

}
≤ EA∈A

{
f(A)

}

PA

(
A(α)

ǫ

) , (2.12)

where f(A) is any function of A for which EA∈A
{
f(A)

}
exists. In what follows, we

will upper-bound the MSE of the joint typicality decoder, averaged over all Gaussian

measurement matrices in A(2α)
ǫ . Let e

(M)
δ denote the MSE of the joint typicality

decoder. We have:

e
(M)
δ = En

{
‖x̂− x‖22

}

≤ En

{∥∥x̂(I) − x
∥∥2
2

}
+ ‖x‖22En

{
I(Ec

I)
}

+
∑

J 6=I
En

{∥∥x̂(J ) − x
∥∥2
2
I(EJ )

}
:= ě

(M)
δ (2.13)

where I(·) is the indicator function, En{·} denotes the expectation operator defined

over the noise density, and the inequality follows from the union bound and the facts
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that En{I(E0)} =: P(E0) ≤ P(Ec
I) := En{I(Ec

I)} and I(EI) ≤ 1. Now, averaging the

upper bound ě
(M)
δ (defined in (2.13)) over A(2α)

ǫ yields:

EA

{
ě
(M)
δ

}
=

∫

A(2α)
ǫ

En|A

{∥∥x̂(I) − x
∥∥2
2

}
dP (A)

+

∫

A(2α)
ǫ

‖x‖22En

{
I(Ec

I)
}
dP (A)

+

∫

A(2α)
ǫ

∑

J 6=I
En|A

{∥∥x̂(J ) − x
∥∥2
2
I(EJ )

}
dP (A) (2.14)

where dP (A) and EA denote the conditional Gaussian probability measure and the

expectation operator defined on the set A(2α)
ǫ , respectively.

The first term on the right hand side of Eq. (7.22) can be written as:

∫

A(2α)
ǫ

En|A

{∥∥∥(A∗
IAI)

−1A∗
Iy
∣∣
I − x

∥∥∥
2

2

}
dP (A) =En,A

{∥∥(A∗
IAI)

−1A∗
In
∥∥2
2

}

=EA

{
σ2Tr(A∗

IAI)
−1
}
. (2.15)

The second term on the right hand side of Eq. (7.22) can be upper-bounded as

∫

A(2α)
ǫ

‖x‖22En

{
I(Ec

I)
}
dP (A) ≤ 2‖x‖22

PA

(
A(2α)

ǫ

) exp

(
− δ2

4σ4

N2

N − L+ 2δ
σ2N

)
(2.16)

where the inequality follows from Lemma 2.3.5 and Eq. (2.12).

Now, let δ′ = δN/(N − L) = ζµ2(x) for some 2/3 < ζ < 1. Recall that by

hypothesis, µ2(x) goes to zero slower than
√

logL
L

. Suppose that L is large enough, so

that σ2 ≥ 2ζµ2(x). Then, it can be shown that the right hand side of Eq. (2.16) decays

faster than 1/Lc, where c := ζ2C0/2σ
4. Now, by the hypothesis of N > (18κσ4 +1)L

we have C0 > 9κσ4/2, therefore c > κ, and hence the right hand side of Eq. (2.16)

goes to zero faster than 1/L(c−κ), as M,N →∞.

Remark. If we assume the weaker condition that µ(x) = µ0, constant indepen-

dent of M,N and L, then δ will be constant and the error exponent in Eq. (2.16)
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decays to zero exponentially fast. Hence, as long as ‖x‖22 grows polynomially, the

whole term on the right hand side of Eq. (2.16) decays to zero exponentially fast.

Therefore, the claim of the theorem holds with overwhelming probability, i.e., prob-

ability of failure exponentially small in L (rather than with high probability, which

refers to the case of failure probability polynomially small in L).

Finally, consider the term corresponding to J in the third expression on the right

hand side of Eq. (7.22). This term can be simplified as

En,A

{∥∥x̂(J ) − x
∥∥2
2
I(EJ )

}
= En,A

{∥∥x̂(J )
J − xJ

∥∥2
2
I(EJ )

}
+ En,A

{∥∥xI\J
∥∥2
2
I(EJ )

}

= En,A

{∥∥(A∗
JAJ )

−1A∗
JAx− xJ

∥∥2
2
I(EJ )

}

︸ ︷︷ ︸
T1

+ En,A

{∥∥(A∗
JAJ )

−1A∗
Jn
∥∥2
2
I(EJ )

}

︸ ︷︷ ︸
T2

+ En,A

{∥∥xI\J
∥∥2
2
I(EJ )

}
. (2.17)

where the first equality follows from the fact that x̂(J ) is zero outside of the index

set J , and the second equality follows from the assumption that n is zero-mean and

independent of A and x. Now, the term T1 can be further simplified as

T1 = En,A

{∥∥(A∗
JAJ )

−1A∗
J (AJxJ +AI\JxI\J )− xJ

∥∥2
2
I(EJ )

}

= En,A

{∥∥(A∗
JAJ )

−1A∗
JAI\JxI\J

∥∥2
2
I(EJ )

}

Invoking the sub-multiplicative property of matrix norms and applying the Cauchy-

Shwarz inequality to the mean of the product of non-negative random variables, we
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can further upper bound T1 as:

T1 ≤ EA

{∥∥(A∗
JAJ )

−1
∥∥2
2

∥∥A∗
JAI\J

∥∥2
2

∥∥xI\J
∥∥2
2
I(EJ )

}

≤ EA

{∥∥(A∗
JAJ )

−1
∥∥2
2

}
EA

{∥∥A∗
JAI\J

∥∥2
2

}∥∥xI\J
∥∥2
2
En,A

{
I(EJ )

}
(2.18)

For simplicity, let ǫ =
√
2α. Now, consider the term EA

{∥∥(A∗
JAJ )

−1
∥∥2
2

}
, the

average of the squared spectral norm of the matrix (A∗
JAJ )

−1. Since A ∈ Aǫ,

the minimum eigenvalue of 1
N
A∗

JAJ is greater than or equal to (1 − 2
√
2α)2, since

|J | = L < 2L, and A∗
JAJ is a sub-matrix of A∗

KAK for some K such that J ⊂ K

and |K| = 2L [67, Theorem 4.3.15]. Similarly, for the second term, A∗
JAI\J is a

sub-matrix of A∗
J∪IAJ∪I − I. Since |J ∪I| ≤ 2L, the spectral norm of 1

N
A∗

JAI\J is

upper bounded by (1 + 2
√
2α)2 − 1 = 8α+ 4

√
2α [67, Theorem 4.3.15], [95]. Finally,

since the averaging is over A(2α)
ǫ , the same bounds hold for the average of the matrix

norms. Hence, T1 can be upper bounded by

T1 ≤
(8α+ 4

√
2α)2

(1− 2
√
2α)4

En,A

{
I(EJ )

}
‖x‖22.

Note that by the hypothesis of N > C2L, we have α < 1/9. Hence, 2
√
2α =

2
√
2

3
< 1. Also, T2 is similarly upper bounded by σ2EA

{
Tr(A∗

JAJ )
−1
}
En,A

{
I(EJ )

}
,

which can be further bounded by

T2 ≤
ασ2

(1− 2
√
2α)2

En,A

{
I(EJ )

}
.

Therefore, Eq. (2.17) can be further bounded as

En,A

{∥∥x̂(J ) − x
∥∥2
2
I(EJ )

}
≤
[(

1 + (8α+4
√
2α)2

(1−2
√
2α)4

)
‖x‖22 + ασ2

(1−2
√
2α)2

]

︸ ︷︷ ︸
C (x)

En,A

{
I(EJ )

}
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Now, from Lemma 2.3.5 and Eq. (2.12), we have

∑

J 6=I
En,A

{∥∥x̂(J ) − x
∥∥2
2
I(EJ )

}

≤ C (x)
∑

J 6=I
En,A

{
I(EJ )

}

≤ C (x)

PA
(
A(2α)

ǫ

)
∑

J 6=I
exp

(
− N − L

4

(∑
k∈I\J |xk|2 − δ′∑
k∈I\J |xk|2 + σ2

)2
)
,

(2.19)

where xk denotes the kth component of x. The number of index sets J such that

|J ∩ I| = K < L is upper-bounded by
(

L
L−K

)(
M−L
L−K

)
. Also,

∑
k∈I\J |xk|2 ≥ (L −

K)µ2(x). Therefore, we can rewrite the right hand side of Eq. (2.19) as

C (x)

PA
(
A(2α)

ǫ

)
L−1∑

K=0

(
L

L−K

)(
M − L
L−K

)
exp

(
− N − L

4

(
(L−K)µ2(x)− δ′
(L−K)µ2(x) + σ2

)2
)

=
C (x)

PA
(
A(2α)

ǫ

)
L∑

K ′=1

(
L

K ′

)(
M − L
K ′

)
exp

(
− N − L

4

(
K ′µ2(x)− δ′
K ′µ2(x) + σ2

)2
)

(2.20)

We use the inequality
(
L

K ′

)
≤ exp

(
K ′ log

(Le
K ′

))
(2.21)

in order to upper-bound the K ′th term of the summation in Eq. (2.20) by

exp

(
L
K ′

L
log
( e

K ′

L

)
+ L

K ′

L
log

(β − 1)e
K ′

L

− C0L
( LK ′

L
µ2(x)− δ′

LK ′

L
µ2(x) + σ2

)2)
(2.22)

where C0 := (N − L)/4L. We define

f(z) := Lz log
e

z
+ Lz log

(β − 1)e

z
− C0L

( Lzµ2(x)− δ′
Lzµ2(x) + σ2

)2
(2.23)

By Lemmas 3.4, 3.5 and 3.6 of [4], it can be shown that f(z) asymptotically attains

its maximum at either z = 1
L
or z = 1, if Lµ4(x)/ logL → ∞ as N → ∞. Thus, we
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can upper-bound the right hand side of Eq. (2.19) by

C (x)

PA
(
A(2α)

ǫ

)
L∑

K ′=1

exp
(
max{f(1/L), f(1)}

)
. (2.24)

The values of f(1/L) and f(1) can be written as:

f(1/L) = 2 logL+ 2 + log(β − 1)− C0L
( µ2(x)− δ′
µ2(x) + σ2

)2
(2.25)

and

f(1) = L(2 + log(β − 1))− C0L
( Lµ2(x)− δ′
Lµ2(x) + σ2

)2
. (2.26)

Since C0 > 2 + log(β − 1) due to the assumption of α < 1/(9 + 4 log(β − 1)), both

f(1) and f(1/L) will grow to −∞ linearly as N → ∞. Hence, the exponent in Eq.

(2.24) will grow to −∞ as N →∞, since ‖x‖22 in C (x) grows polynomially in L and

PA
(
A(2α)

ǫ

)
tends to 1 exponentially fast. Let L be large enough such that

C (x)

PA
(
A(2α)

ǫ

)
L∑

K ′=1

exp
(
max{f(1/L), f(1)}

)
≤ 1

Lc−κ
,

where c = ζ2C0/2σ
4. Now, by Markov’s inequality we have:

P

(∣∣∣∣ě
(M)
δ − σ2Tr(A∗

IAI)
−1

∣∣∣∣ >
1

L
c−κ
2

)
≤ 2

L
c−κ
2

. (2.27)

Hence, for any measurement matrix A from the restricted ensemble of i.i.d. Gaus-

sian matrices A(2α)
ǫ , we have

∣∣∣∣ě
(M)
δ − σ2Tr(A∗

IAI)
−1

∣∣∣∣ ≤
1

L
c−κ
2

(2.28)

with probability exceeding

1− 2

L
c−κ
2

. (2.29)
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Now, since the probability measure is defined over A(2α)
ǫ , the statement of Eq. (2.28)

holds with probability exceeding

1− 2 exp

(
− 1

2
M

√
2H(2/β)√

β

)
− 2

L
c−κ
2

(2.30)

over all the measurement matrices in the Gaussian ensemble A.

Recall that the expression σ2Tr(A∗
IAI)

−1 is indeed the Cramér-Rao bound of the

GAE. Noting that ě
(M)
δ is an upper bound on e

(M)
δ concludes the proof the the main

theorem.



Chapter 3

An Information-Theoretic

Universal Sufficiency Condition for

Noisy Sparse Recovery

3.1 Introduction

In this chapter, we develop universal sufficient conditions for asymptotically reli-

able recovery of sparse signals with respect to the 0 − 1 loss metric. This metric is

defined as

p(x, x̂) = 1− I({x̂i 6= 0, ∀i ∈ I)} × I({x̂j = 0, ∀j /∈ I)}

where I(·) is the indicator function. This metric is referred to as Error Metric 1 in [4].

Asymptotically reliable sparse recovery in the information theoretic setting under

the 0−1 loss metric was first studied by Wainwright in an excellent paper [123]. Using

an optimal decoder that decodes to the closest subspace, it was shown that in the pres-

35
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ence of additive Gaussian noise, N = O(L) and N = O(L log(M −L)) measurements

were necessary and sufficient for the linear and sublinear sparsity regimes respec-

tively. For the linear regime, it was also required that
√
L
(
mini |x(M)

i |
)
/
√
logL→∞

as M → ∞, leading to P := ‖x‖22 → ∞. The reason for this requirement is that

at high dimensions, the requirement of exact support recovery becomes too strin-

gent for an average case analysis. In [4], Akcakaya and Tarokh proved that for a

given sequence of x(M) ∈ C
M , asymptotically reliable sparse recovery is possible

given N = O(L) and N = O(L log(M − L)) measurements, under the hypothesis

of 4
√
L
(
mini |x(M)

i |
)
/ 4
√
logL → ∞, as M → ∞. Akcakaya and Tarokh consider two

other performance metrics: a statistical version of the exact support recovery and a

metric based on the energy of the recovered signal:

p2(x̂,x, α) = 1− I

( |{i | x̂i 6= 0} ∩ I|
|I| > 1− α

)

p3(x̂,x, γ) = 1− I

(
∑

k∈{i|x̂i 6=0}∩I
|xk|2 > (1− γ)P

)

for which necessary and sufficient conditions for sparse recovery are established in [4].

In [57], asymptotically reliable sparse recovery was considered for the finite P

regime. It was shown that in this regime N = O(L log(M − L)) measurements are

necessary, which improves on previous results. The statistical version Error Metric

2 was also considered in [102], where methods developed in [123] were used. Sparse

measurement matrix ensembles instead of Gaussian measurement ensembles were

considered in [97, 125]. Necessary conditions for recovery with respect to the 0 − 1

loss metric were derived in [125]. Sufficient conditions for LASSO to asymptotically

recover the whole support were obtained in [97]. We also note that there is other work
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that characterizes the average distortion associated with compressed sensing [107], as

well as that which is associated with the broader problem of sparsely representing a

given vector y [3, 57].

The above results establish sufficient/necessary conditions on the asymptotic achiev-

ability of reliable sparse recovery for a fixed sequence of unknown sparse vectors x(M).

It is unclear whether there exists a sequence of measurement matrices for which reli-

able sparse recovery (and the Cramér-Rao bound) can be achieved asymptotically for

all sequences of unknown sparse vectors x(M). In other words, is it possible to prove

similar results for a universal compressed sensing measurement setting?

In what follows, we prove that asymptotically reliable sparse recovery is possible

for all sequences x(M) under the hypothesis of mini |x(M)
i | ≥ µ0, for some constant

µ0, given N > CL measurements, with C a constant which only depends on β, σ2

and µ0, in the linear sparsity regime. Moreover, we prove the parallel result for

the asymptotic achievability of the Cramér-Rao bound for all sequences x(M). These

results extend the information theoretic approach to characterize sufficient conditions

for all unknown sparse sequences.

The outline of this chapter follows next. In Section 3.2, we state the main results of

this chapter and present their proofs in Section 7.3. Finally, proofs of some technical

lemmas are presented in Appendix 3.4.

3.2 Main Results

Let {x(M) ∈ CM}M be a sequence of L-sparse vectors such that supp(x(M)) = I(M),

and let {A(M) ∈ CN×M}M be a sequence of measurement matrices. Let x̂(M) be an
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estimate of x(M), under the compressive sensing model of y(M) = A(M)x(M) + n(M),

where y(M) ∈ CN is the observed vector and n(M) ∈ CN is the additive i.i.d. Gaussian

noise. Let perr(A
(M)) := En

{
p(x̂(M),x(M))

}
denote the detection error probability

corresponding to the measurement matrix A(M), where En{·} denotes the expectation

operator defined over the density of n(M). We say that asymptotically reliable sparse

recovery is achieved by {A(M)}M , if perr(A
(M)) → 0, as M → ∞. We denote A(M)

by an i.i.d. Gaussian measurement matrix, if each element of A(M) is drawn i.i.d.

according to the normal distribution N (0, 1). For ease of notation, we will suppress

the dependence on M when there is no ambiguity. Let H(x) := −x log x − (1 −

x) log(1− x) denote the binary entropy function.

Finally, let

X(M) :=
{
x ∈ C

M : min
i
|xi| ≥ µ0, and ‖x‖0 = L

}
,

where µ0 is an arbitrary but fixed positive constant.

The main result of this chapter is the following theorem:

Theorem 3.2.1 (Main Theorem). Let
{
x(M) ∈ X(M)

}
M

be a sequence of unknown

L-sparse vectors. If

N > CL

where C = max{C1, C2, C3}, with

C1 :=
(1
2
+

δ

σ2

)−1
(
1−

√
1− 1

βH
(
1
β

)(
2 + σ2

δ

)2

)−1

,

C2 := 9 + 4 log(β − 1) + 4βH
(
1
β

)
,
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C3 :=

( √
2√

1 + ǫ− 1
(1 + ǫ)

(
1 +

√
βH( 2

β
)
))2

,

ǫ ∈ (0, 3−
√
5

2
) a fixed constant and δ := 1

2

(1−ǫ− ǫ
1−ǫ

)2

(1+ǫ)
µ2
0, then any sequence of N ×M

i.i.d Gaussian measurement matrices
{
A(M)

}
M

achieves asymptotically reliable sparse

recovery for any sequence
{
x(M) ∈ X(M)

}
M
, with overwhelming probability.

We also have the following corollary regarding the asymptotic achievability of the

Cramér-Rao bound:

Corollary 3.2.2 (Achievability of the Cramér-Rao Bound). Let
{
x(M) ∈ X(M)

}
M

be

any sequence of unknown L-sparse vectors, such that ‖x(M)‖22 grows at most polyno-

mially in L. Let e
(M)
δ and e

(M)
G denote the MSE of the joint typicality decoder and

the Genie-aided decoder, respectively. Then, under the conditions of Theorem 7.2, we

have

lim sup
M

∣∣e(M)
δ − e(M)

G

∣∣ = 0.

with overwhelming probability, for any sequence of N ×M i.i.d. Gaussian measure-

ment matrices {A(M)}M .

3.3 Proofs of the Main Results

Recall the definition of the joint typicality as in [4]: we say an N × 1 noisy

observation vector, y = Ax+n and a set of indices J ⊂ {1, 2, · · · ,M}, with |J | = L,

are δ-jointly typical if rank(AJ ) = L and

∣∣∣∣
1

N
‖Π⊥

AJ
y‖2 − N − L

N
σ2

∣∣∣∣ < δ (3.1)
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where AJ is the sub-matrix of A with columns corresponding to the index set J and

Π⊥
AJ

:= I−AJ (A
∗
JAJ )

−1A∗
J . We also define the following event:

EJ (x) = {y = Ax+ n is δ-jointly typical with J }, (3.2)

for all J ∈ {1, 2, · · · ,M} with |J | = L.

Our strategy for proving the Main Theorem has two steps: 1) we show that any

sequence of i.i.d. Gaussian measurement matrices achieves asymptotically reliable

sparse recovery for a carefully chosen canonical set of unknown sparse vectors, with

overwhelming probability, and 2) we show that by this particular choice of the canon-

ical set, and by using the asymptotic Restricted Isometry Property (RIP) of i.i.d.

Gaussian matrices [29], the property proved in step (1) is carried over to the set

X(M), asymptotically. Note that this proof technique is reminiscent of the proofs for

achievability of the capacity of compound channels (See, for example [130]).

3.3.1 The Canonical Set

Let xJ denote the restriction of a vector x to the index set J ⊂ {1, 2, · · · ,M}.

Let

X(M)
c :=

{
x(K)
c ∈ R

M : (x(K)
c )i = cǫµ0 for all i ∈ K,

(x(K)
c )i = 0 for all i /∈ K, ∀K s.t. |K| = L

}
,

where

cǫ :=

√
1− ǫ− ǫ

1−ǫ

1 + ǫ
. (3.3)

For instance, for M = 3 and L = 2, X
(3)
c consists of the vectors (0, cǫµ0, cǫµ0)

T ,

(cǫµ0, 0, cǫµ0)
T and (cǫµ0, cǫµ0, 0)

T . We denote X
(M)
c by the canonical set.
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The following lemma establishes step (1) of the proof of the Main Theorem:

Lemma 3.3.1. If

N > CL

where C = max{C1, C2, C3}, with

C1 :=
(1
2
+

δ

σ2

)−1
(
1−

√
1− 1

βH
(
1
β

)(
2 + σ2

δ

)2

)−1

,

C2 := 9 + 4 log(β − 1) + 4βH
(
1
β

)
,

C3 :=

( √
2√

1 + ǫ− 1
(1 + ǫ)

(
1 +

√
βH( 2

β
)
))2

,

ǫ ∈ (0, 3−
√
5

2
) a fixed constant and δ := 1

2

(1−ǫ− ǫ
1−ǫ

)2

(1+ǫ)
µ2
0, then any sequence of i.i.d.

Gaussian measurement matrices A(M) achieves asymptotically reliable sparse recovery

for all x ∈ X
(M)
c and 1√

N
A(M) satisfies the Restricted Isometry Property (RIP) of

order 2L with ǫ2L = ǫ, with overwhelming probability.

Proof. Clearly,

∣∣X(M)
c

∣∣ =
(
M

L

)
≤ exp

(
βH(1/β)L

)
(3.4)

using the Stirling’s bound. According to the proof of Theorem 1.1 of [4], the average

error probability of the joint typicality decoder can be bounded as follows:

EA

{
perr
(
A(M)

)}
≤ exp

(
− φ(L)

)
:=

∑

x∈X(M)
c

2 exp

(
− δ2

4σ4

N2

N − L+ 2δ
σ2N

)

+
∑

x∈X(M)
c

exp
(
logL− g(L)

)
, (3.5)

where g(L) := min{f(1/L), f(1)}, with

f(1/L) := −2 logL− 2− log(β − 1) + C0L

(( µ2(x)− δ′
µ2(x) + σ2

)2)
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and

f(1) = −L(2 + log(β − 1)) + C0L

(( Lµ2(x)− δ′
Lµ2(x) + σ2

)2)
,

C0 := (N − L)/4L, µ(x) := mini |xi|, and δ′ = δ/(1− α), given

δ ≤ (1− α)c2ǫµ2
0. (3.6)

Clearly, the choice of δ = 1
2

(1−ǫ− ǫ
1−ǫ

)2

(1+ǫ)
µ2
0 satisfies Eq. (3.6) due to the necessary bound

of α < 1/2. Note that the summation over x ∈ X(M)
c results from the union bound

in bounding the error for all x ∈ X(M)
c . Hence,

EA

{
perr
(
A(M)

)}
≤ 2 exp

(
− δ2

4σ4

N2

N − L+ 2δ
σ2N

+ LβH
(
1
β

))

+exp
(
logL− g(L) + LβH

(
1
β

))
. (3.7)

Now, by the hypothesis of N > C1L, we get

δ2

4σ4

N2

N − L+ 2δ
σ2N

> LβH
(
1
β

)
. (3.8)

Hence, the exponent of the first term on the right hand side of Eq. (7.35) tends to

−∞, as M →∞. Moreover, the hypothesis of N > C2L yields

C0 > 2 + log(β − 1) + βH
(
1
β

)
, (3.9)

which implies that the exponent of the second term on the right hand side of Eq.

(7.35) tends to −∞ as well.

Now, by the Markov’s inequality we have:

P

(
perr
(
A(M)

)
> exp

(
− φ(L)/2

))
≤ exp

(
− φ(L)/2

)
. (3.10)
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for A in the Gaussian ensemble, where φ(L) is as in Eq. (3.5), and tends to ∞ as

L→∞. Furthermore, by the hypothesis of N > C3L and the results of [29], 1√
N
A(M)

satisfies the RIP or order 2L with ǫ2L = ǫ. Therefore, we have

N(1 − ǫ)‖x‖22 ≤ ‖AKx‖22 ≤ N(1 + ǫ)‖x‖22, (3.11)

for any K such that |K| = 2L, with probability exceeding

1− 2 exp
(
− 1

2
LβH

(
2
β

)
ǫ
)
. (3.12)

Hence, any i.i.d. Gaussian measurement matrix A(M) satisfies

perr
(
A(M)

)
≤ exp

(
− φ(L)/2

)
(3.13)

and 1√
N
A(M) satisfies the RIP of order 2L with ǫ2L = ǫ, with probability exceeding

1− exp
(
− φ(L)/2

)
− 2 exp

(
− 1

2
LβH

(
2
β

)
ǫ
)
. (3.14)

This establishes the claim of the lemma.

3.3.2 Two Technical Lemmas

In order to move on with the proof of the Main Theorem, we need to state the

following technical lemmas:

Lemma 3.3.2. Let 1√
N
Ǎ ∈ CN×M be a matrix satisfying the RIP of order 2L with

ǫ2L = ǫ. Let

λ(x) :=
1

σ2

∥∥KI,JxI\J
∥∥2
2
,

where KI,J := Π⊥
ǍJ

ǍI\J , for some I and J 6= I such that |I| = |J | = L. Then,

for all x ∈ X(M) with supp(x) = I, we have:

N

σ2

(
1− ǫ− ǫ

1−ǫ

)2

(1 + ǫ)
µ2
0 ≤ λ

(
x(I)
c

)
≤ λ(x).
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Proof. The proof is given in Appendix 3.4.

Lemma 3.3.3. Let F (z; ν, λ) and f(z; ν, λ) denote the cumulative distribution func-

tion and density of a non-central χ2 random variable of order ν with non-centrality

parameter λ, respectively. Let 0 ≤ λ1 ≤ λ2 be two non-negative constants. Let a and

b be two constants satisfying

0 ≤ a ≤ b ≤ ν +
ν

ν + 2
λ1.

Then, we have

F (b; ν, λ2)− F (a; ν, λ2) ≤ F (b; ν, λ1)− F (a; ν, λ1).

Proof. The proof is given in Appendix 3.4.

3.3.3 Proof of the Main Theorem

Let {Ǎ(M)}M be a sequence of measurement matrices for which asymptotically

reliable sparse recovery can be achieved for all x ∈ X(M)
c , and that 1√

N
Ǎ(M) satisfies

the RIP of order 2L with ǫ2L = ǫ. This choice of {Ǎ(M)}M is clearly possible by the

virtue of Lemma 3.3.1.

Recall the error events Ec
I and EJ given by:

Ec
I(x) = {y = Ǎ(M)x+ n is not δ-jointly typical with I}

and

EJ (x) = {y = Ǎ(M)x+ n is δ-jointly typical with J }.
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We will show that the following statement holds: if the joint typicality decoder

asymptotically achieves reliable sparse recovery for all x ∈ X(M)
c using the sequence

of measurement matrices {Ǎ(M)}M , so it does for all x ∈ X(M). More formally, let

x ∈ X(M), with supp(x) = I. Then, we have the following proposition:

Proposition 3.3.4. For any x ∈ X(M), we have

P
(
Ec

I(x)
)
= P

(
Ec

I(x
(I)
c )
)
,

and

P
(
EJ (x)

)
≤ P

(
EJ (x

(I)
c )
)
.

Clearly, Proposition 3.3.4 establishes the second step of the proof of the Main

Theorem, which in turn completes the proof. In what follows, we prove the two

claims of Proposition 3.3.4.

Proof of Proposition 3.3.4. First, consider the error event Ec
I . We have

P
(
Ec

I(x)
)
= P

(∣∣θ − (N − L)σ2
∣∣ > Nδ

)
(3.15)

where θ is a χ2 random variable with N−L degrees of freedom, with mean (N−L)σ2

and variance 2(N − L)σ4. Note that this probability is independent of Ǎ(M) and x.

Hence,

P
(
Ec

I(x)
)
= P

(
Ec

I(x
(I)
c )
)
, (3.16)

which establishes the first claim of the proposition.

Next, consider the error event EJ , for some J 6= I. That is,
∣∣∣∣∣
1

N

∥∥∥Π⊥
ǍJ

y
∥∥∥
2

2
− N − L

N
σ2

∣∣∣∣∣ < δ. (3.17)
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It is easy to show that

P
(
EJ (x)

)
= P

(∣∣ϑJ − (N − L)
∣∣ < N

δ

σ2

)
, (3.18)

where ϑJ is a non-central χ2 random variable with non-centrality parameter

λ(x) :=
1

σ2

∥∥∥KI,JxI\J

∥∥∥
2

2
,

where

KI,J := Π⊥
ǍJ

ǍI\J . (3.19)

Letting F (z; ν, λ) denote the cumulative distribution function of a non-central χ2

random variable of order ν and non-centrality parameter λ, we have:

P
(
EJ (x)

)
= F

(
N − L+N

δ

σ2
;N − L, λ(x)

)
− F

(
N − L−N δ

σ2
;N − L, λ(x)

)
.

Next, we let

a = N − L−N δ

σ2
, b = N − L+N

δ

σ2
,

λ1 = λ
(
x(I)
c

)
, λ2 = λ(x),

and ν = N − L, in Lemma 3.3.3. We have

N
δ

σ2
=

1

2σ2
N

(
1− ǫ− ǫ

1−ǫ

)2

(1 + ǫ)
µ2
0 ≤

1

2
λ
(
x(I)
c

)
, (3.20)

due to the lower bound of Lemma 3.3.2. Hence,

b = N − L+N
δ

σ2
≤ N − L+

1

2
λ
(
x(I)
c

)

≤ N − L+
N − L

N − L+ 2
λ
(
x(I)
c

)

= ν +
ν

ν + 2
λ1
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for any L ≥ 2. Moreover, by Lemma 3.3.2, we have λ(x) ≥ λ
(
x
(I)
c

)
. Hence, Lemma

3.3.3 implies that:

P
(
EJ (x)

)
= F

(
N − L+N

δ

σ2
;N − L, λ(x)

)
− F

(
N − L−N δ

σ2
;N − L, λ(x)

)

≤ F
(
N − L+N

δ

σ2
;N − L, λ

(
x(I)
c

))
− F

(
N − L−N δ

σ2
;N − L, λ

(
x(I)
c

))

= P

(
EJ
(
x(I)
c

))
,

which establishes the second claim of Proposition 3.3.4.

3.3.4 Proof of Corollary 3.2.2

Proof of Corollary 3.2.2 closely parallels that of the main result of Chapter 1, with

the corresponding modifications in the proof of the Main Theorem of this chapter,

and is thus omitted for brevity.

3.4 Proof of Lemmas 3.3.2 and 3.3.3

Proof of Lemma 3.3.2. First, we obtain lower and upper bounds on the eigenvalues

of the operator KI,J . We have:

∥∥Π⊥
ǍJ

ǍI\JxI\J
∥∥2
2
≤
∥∥ǍI\JxI\J

∥∥2
2
≤ N(1 + ǫ|I\J |)

∥∥xI\J
∥∥2
2

≤ N(1 + ǫL)
∥∥xI\J

∥∥2
2

≤ N(1 + ǫ)
∥∥xI\J

∥∥2
2
, (3.21)
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and

∥∥Π⊥
ǍJ

ǍI\JxI\J
∥∥2
2
=
∥∥ǍI\JxI\J

∥∥2
2
−
∥∥ΠǍJ

ǍI\JxI\J
∥∥2
2

≥ N(1− ǫ|I\J |)
∥∥xI\J

∥∥2
2
−
∥∥(Ǎ∗

J ǍJ )
−1/2Ǎ∗

J ǍI\JxI\J
∥∥2
2

≥ N(1− ǫ|I\J |)
∥∥xI\J

∥∥2
2
−N ǫL+|I\J |

1− ǫL
∥∥xI\J

∥∥2
2

≥ N
(
1− ǫL −

ǫ2L
1− ǫL

)∥∥xI\J
∥∥2
2

≥ N
(
1− ǫ− ǫ

1− ǫ
)∥∥xI\J

∥∥2
2
, (3.22)

since ǫL < ǫ2L = ǫ, by hypothesis. Now, we can lower-bound λ
(
x
(I)
c

)
as follows:

λ(x(I)
c ) ≥ N

σ2

(
1− ǫ− ǫ

1− ǫ
)∥∥(x(I)

c )I\J
∥∥2
2
=
N

σ2

(
1− ǫ− ǫ

1− ǫ
)
|I\J |c2ǫµ2

0

≥ N

σ2

(
1− ǫ− ǫ

1−ǫ

)2

(1 + ǫ)
µ2
0. (3.23)

since |I\J | ≥ 1. Similarly, an upper bound for λ
(
x
(I)
c

)
can be obtained as

λ
(
x(I)
c

)
≤ 1

σ2
N(1 + ǫ)

∥∥(x(I)
c )I\J

∥∥2
2
=

1

σ2
N |I\J |(1 + ǫ)c2ǫµ

2
0

=
1

σ2
N |I\J |(1 + ǫ)

(
1− ǫ− ǫ

1−ǫ

)
(
1 + ǫ

) µ2
0

=
1

σ2
N |I\J |

(
1− ǫ− ǫ

1− ǫ
)
µ2
0. (3.24)

Finally, for any x ∈ X(M), we have

λ(x) ≥ 1

σ2
N
(
1− ǫ− ǫ

1− ǫ
)
‖xI\J ‖22 ≥

1

σ2
N |I\J |

(
1− ǫ− ǫ

1− ǫ
)
µ2
0,

which establishes the claim of the lemma.

Proof of Lemma 3.3.3. It can be shown that [39]

∂F (z; ν, λ)

∂λ
= −f(z; ν + 2, λ) (3.25)
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for all non-negative z and λ. Therefore, we have

(
F (b;ν, λ1)− F (a; ν, λ1)

)
−
(
F (b; ν, λ2)− F (a; ν, λ2)

)
(3.26)

=
(
F (b;ν, λ1)− F (b; ν, λ2)

)
−
(
F (a; ν, λ1)− F (a; ν, λ2)

)

=

∫ λ1

λ2

∂F (b; ν, ξ)

∂ξ
dξ −

∫ λ1

λ2

∂F (a; ν, ξ)

∂ξ
dξ

=

∫ λ2

λ1

f(b; ν + 2, ξ)dξ −
∫ λ2

λ1

f(a; ν + 2, ξ)dξ

=

∫ λ2

λ1

(
f(b; ν + 2, ξ)− f(a; ν + 2, ξ)

)
dξ. (3.27)

Therefore, it is enough to show that

f(b; ν + 2, ξ) ≥ f(a; ν + 2, ξ) (3.28)

for all ξ ∈ [λ1, λ2].

Let M(ν, λ) denote the mode of the density f(z; ν, λ). It can be shown that [110]

M(ν + 2, ξ) ≥ ν +
ν

ν + 2
ξ. (3.29)

Also, it is known that the non-central χ2 distribution is uni-modal [42]. Therefore,

for any a and b satisfying a ≤ b ≤ ν + ν
ν+2

λ1 ≤ ν + ν
ν+2

ξ, we have

f(b; ν + 2, ξ) ≥ f(a; ν + 2, ξ), (3.30)

for all ξ ∈ [λ1, λ2], which proves the statement of the lemma.



Chapter 4

SPARLS: The Sparse RLS

Algorithm

4.1 Introduction

This chapter deals with adaptive identification of sparse systems. Many real-

life systems admit sparse representations with few non-zero coefficients. Examples

include multipath wireless communication channels where reflections reach the re-

ceiver with long delays, imaging, video, etc. [23]. Many of the above applications

require adaptive estimation techniques with minimum computational complexity due

to time-varying dynamics and a large number of potential parameters. Wireless com-

munication channels provide a typical representative of the above setup. The wireless

channel is described by sparse fading rays and long zero samples and thus admits a

sparse representation [16]. If power amplifiers at the transmitter and receiver ends

operate in the linear regime, the channel is represented by a time-varying linear filter

50
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whose unit sample response is a sparse vector. Adaptive algorithms such as the Least

Mean Squares (LMS), the Recursive Least Squares (RLS) and fast variants thereof

have been widely applied for estimation/equalization of such channels.

Recently, compressive sensing methods have been developed for the estimation of

the multipath channels taking into account the sparseness characteristic [7,12,16,33,

36, 122]. Bajwa et. al [16] used the Dantzig Selector [30] and Least Squares (LS)

estimates for the problem of sparse channel sensing. Although the Dantzig Selector

and the LS method produce sparse estimates with improved MSE, they do not exploit

the sparsity of the underlying signal in order to reduce the computational complex-

ity. Moreover, they are not appropriate for the setting of streaming data. In [36],

two different sparsity constraints are incorporated into the quadratic cost function of

the LMS algorithm, to take into account the sparse channel coefficient vector. An

alternative viewpoint to sparse LMS, is the proportionate Normalized LMS and its

variants [51], which assign different step sizes to different coefficients based on their

optimal magnitudes. An ℓ1-regularized RLS type algorithm based on a low complex-

ity Expectation-Maximization is derived in [12]. In [7] the weighted Least Absolute

Shrinkage and Selection Operator (LASSO) estimates are retrieved recursively using a

system of normal equations or via iterative subgradient methods. Previously reported

algorithms for sparse system identification using Kalman filtering rely on the Dantzig

Selector [122] and on the pseudo-measurement technique [33]. In [122] the proposed

algorithm is not exclusively based on Kalman filtering as it requires the implemen-

tation of an additional optimization algorithm (the Dantzig selector), which leads

to increased complexity and execution time. The sparse Kalman filtering approach
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in [33], first performs a Kalman iteration then it generates a fictitious observation from

the ℓ1-reguralization constraint and carries out a Kalman filter pseudo-measurement

update. The computational cost of the Kalman filter pseudo-measurement update is

avoided by the proposed technique.

We introduce a Recursive ℓ1-Regularized Least Squares (SPARLS) algorithm for

adaptive filtering setup [10, 12]. The SPARLS algorithm is based on an Expecta-

tion Maximization (EM) type algorithm presented in [55] and produces successive

improved estimates based on streaming data. We present analytical results for the

convergence and the steady state Mean Squared Error (MSE), which reveal the signifi-

cant MSE gain of the SPARLS algorithm. Simulation studies show that the SPARLS

algorithm significantly outperforms the RLS algorithm in terms of MSE, for both

static (with finite samples) and time-varying signals. Moreover, these simulation

results suggest that the computational complexity of the SPARLS algorithm (with

slight modifications) can be less than that of the RLS algorithm, for tap-weight vec-

tors with fixed support. In particular, for estimating a time-varying Rayleigh fading

wireless channel with 5 nonzero coefficients, the SPARLS algorithm gains about 7dB

over the RLS algorithm in MSE and has about 80% less computational complexity.

The outline of the chapter is as follows: we will present the mathematical prelim-

inaries and problem statement in Section 4.2. We will formally define the SPARLS

algorithm in Section 4.3, followed by analytical results regarding convergence, steady

state error, error performance comparison between SPARLS and RLS, complexity

and storage issues, and parameter adjustments in Section 4.4. Finally, simulation

studies are presented in Section 4.5.
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4.2 Mathematical Preliminaries and Problem State-

ment

4.2.1 Adaptive Filtering Setup

Consider the conventional adaptive filtering setup, consisting of a transversal filter

followed by an adaptation block. The tap-input vector at time i is defined by

x(i) := [x(i), x(i− 1), · · · , x(i−M + 1)]T (4.1)

where x(k) is the input at time k, k = 1, · · · , n. The tap-weight vector at time n is

defined by

ŵ(n) := [ŵ0(n), ŵ1(n), · · · , ŵM−1(n)]
T . (4.2)

The output of the filter at time i is given by

y(i) := ŵ∗(n)x(i). (4.3)

where (·)∗ denotes the conjugate transpose operator. Let d(i) be the desired output

of the filter at time i. We can define the instantaneous error of the filter by

e(i) := d(i)− y(i) = d(i)− ŵ∗(n)x(i). (4.4)

The operation of the adaptation block at time n can therefore be stated as the fol-

lowing optimization problem:

min
ŵ(n)

f
(
e(1), e(2), · · · , e(n)

)
, (4.5)

where f ≥ 0 is a certain cost function. In particular, if d(i) is generated by an

unknown tap-weight w(n), i.e., d(i) = w∗(n)x(i), with an appropriate choice of f ,
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one can possibly obtain a good approximation to w(n) by solving the optimization

problem given in (4.5). This is, in general, a system identification problem and is the

topic of interest in this chapter1.

As an example, one can define the cost function as follows:

fRLS

(
e(1), e(2), · · · , e(n)

)
:=

n∑

i=1

λn−i|e(i)|2. (4.6)

with λ a non-negative constant. The parameter λ is commonly referred to as forgetting

factor. The solution to the optimization problem in Eq. (4.5) with fRLS gives rise

to the well-known Recursive Least Squares (RLS) algorithm (See, for example, [65]).

The RLS Algorithm can be summarized as follows:

Algorithm 1 RLS

Inputs: P(0) = δ−1I for some small positive constant δ and ŵ(0) = 0.

Output: ŵ(N).

1: for n = 1, 2, · · · , N do

2: k(n) =
λ−1P(n− 1)x(n)

1 + λ−1x∗(n)P(n− 1)x(n)
.

3: e(n) = d(n)− ŵ∗(n− 1)x(n).

4: ŵ(n) = ŵ(n− 1) + k(n)e∗(n).

5: P(n) = λ−1P(n− 1)− λ−1k(n)x∗(n)P(n− 1).

6: end for

The cost function fRLS given in (4.6) corresponds to a least squares identification

problem. Let

D(n) := diag(λn−1, λn−2, · · · , 1), (4.7)

1Our discussion will focus on single channel complex valued signals. The extension to the multi-
variable case presents no difficulties.
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d(n) := [d∗(1), d∗(2), · · · , d∗(n)]T (4.8)

and X(n) be an n×M matrix whose ith row is x∗(i), i.e.,

X(n) :=




x∗(1)

...

x∗(n− 1)

x∗(n)




. (4.9)

The RLS cost function can be written in the following form:

fRLS

(
e(1), e(2), · · · , e(n)

)
=
∥∥D1/2(n)d(n)−D1/2(n)X(n)ŵ(n)

∥∥2
2

(4.10)

where D1/2(n) is a diagonal matrix with entries D
1/2
ii (n) :=

√
Dii(n).

The canonical form of the problem typically assumes that the input-output se-

quences are generated by a time varying system with parameters represented by w(n).

In most applications however, stochastic uncertainties are also present. Thus a more

pragmatic data generation process is described by the noisy model

d(i) = w∗(n)x(i) + η(i) (4.11)

where η(i) is the observation noise. Note that w(n) reflects the true parameters which

may or may not vary with time. The noise will be assumed to be i.i.d. Gaussian, i.e.,

η(i) ∼ N (0, σ2). The estimator has only access to the streaming data x(i) and d(i).

4.2.2 Estimation of Sparse Vectors

Let x be a vector in CM . We define the ℓ0 quasi-norm of x as follows:

‖x‖0 = |{xi|xi 6= 0}| (4.12)
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A vector x ∈ CM is called sparse, if ‖x‖0 ≪M . A wide range of interesting estimation

problems deal with the estimation of sparse vectors. Many signals of interest can

naturally be modeled as sparse. For example, the wireless channel usually has a few

significant multi-path components. One needs to estimate such signals for various

purposes.

Suppose that ‖w(n)‖0 = L ≪ M . Also, let I := supp(w(n)). Given a matrix

A ∈ C
N×M and an index set J ⊆ {1, 2, · · · ,M}, we denote the sub-matrix of A with

columns corresponding to the index set J by AJ . Similarly, we denote the sub-vector

of x ∈ CM corresponding to the index set J by xJ .

A sparse approximation to w(n) can be obtained by solving the following opti-

mization problem:

min
ŵ(n)
‖ŵ(n)‖0 s.t. f

(
e(1), e(2), · · · , e(n)

)
≤ ǫ (4.13)

where ǫ is a positive constant controlling the cost error in (4.5). The above optimiza-

tion problem is, in general, computationally intractable. A considerable amount of

recent research in statistical signal processing is focused on efficient estimation meth-

ods for estimating an unknown sparse vector based on noiseless/noisy observations

(See, for example, [29], [30], [46], [56] and [64]). In particular, convex relaxation tech-

niques provide a viable alternative, whereby the ℓ0 quasi-norm in (4.13) is replaced

by the convex ℓ1 norm so that (4.13) becomes

min
ŵ(n)
‖ŵ(n)‖1 s.t. f

(
e(1), e(2), · · · , e(n)

)
≤ ǫ (4.14)

A convex problem results when f is convex, as in the RLS case. Note that we employ
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the following definition of the ℓ1 norm on the complex vector space CM :

‖w‖1 :=
M∑

i=1

(
|ℜ{wi}| + |ℑ{wi}|

)
(4.15)

The Lagrangian formulation shows that if f = fRLS, the optimum solution can be

equivalently derived from the following optimization problem

min
ŵ(n)

{
1

2σ2

∥∥D1/2(n)d(n)−D1/2(n)X(n)ŵ(n)
∥∥2
2
+ γ‖ŵ(n)‖1

}
. (4.16)

The parameter γ represents a trade off between estimation error and sparsity of the

parameter coefficients. The optimization problem (4.16) is known in the compressed

sensing literature as basis pursuit denoising [35] or LASSO in the context of linear

regression [114]. It has been shown in [20, 116] that both techniques achieve perfor-

mance close to the genie-aided estimator, which knows the locations of the non-zero

components. Sufficient as well as necessary conditions for the existence and unique-

ness of a global minimizer are derived in [116]. These conditions require that the

input signal must be properly chosen so that the matrix D1/2(n)X(n) is sufficiently

incoherent (we will explicitly use some of these results later on in Section 4.4.2).

Suitable probing signals for exact recovery in a multi-path environment are analyzed

in [16] and [63].

Since (4.16) is convex, many standard “off the shelf” optimization tools, like linear

programming [35], projected gradient methods [56], and iterative thresholding [19] can

be employed. Techniques based on convex optimization although quite efficient, suffer

from the polynomial runtime and operate in a batch mode (all information are a priori

required). Quite often in applications like communications, the measurements arrive

sequentially and in many cases the system response is time-varying. In such cases
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the batch estimators have the disadvantage of requiring greater runtime complexity

and larger memory requirements. These challenges may be addressed by developing

sparse adaptive filters, which have the potential of allowing online operation.

4.2.3 Low-Complexity Expectation Maximization Algorithm

The convex program in Eq. (4.16) can be solved with the conventional convex

programming methods. Here, we adopt an efficient solution presented by Figueirado

and Nowak [55] in the context of Wavelet-based image restoration, which we will

modify to an online and adaptive setting. Consider the noisy observation model:

d(n) = X(n)w(n) + η(n). (4.17)

where η(n) ∼ N (0, σ2I), with the following cost function

fn(w) =
1

2σ2

∥∥D1/2(n)d(n)−D1/2(n)X(n)w
∥∥2
2
+ γ‖w‖1 (4.18)

=
1

2σ2

(
d(n)−X(n)w

)∗
D(n)

(
d(n)−X(n)w

)
+ γ‖w‖1

If we consider the alternative observation model:

d(n) = X(n)w(n) + ξ(n). (4.19)

with ξ(n) ∼ N (0, σ2D−1(n)), the convex program in Eq. (4.16) can be identified as

the following penalized Maximum Likelihood (ML) problem:

max
w(n)

{
log p(d(n)|w(n))− γ‖w(n)‖1

}
(4.20)

where p(d(n)|w(n)) := N (X(n)w(n), σ2D−1(n)). This ML problem is in general

hard to solve. The clever idea of [55] is to decompose the noise vector ξ(n) in order
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to divide the optimization problem into a denoising and a filtering problem. We adopt

the same method with appropriate modifications for the cost function given in Eq.

(4.20). Consider the following decomposition for ξ(n):

ξ(n) = αX(n)ξ1(n) +D−1/2(n)ξ2(n) (4.21)

where ξ1(n) ∼ N (0, I) and ξ2(n) ∼ N (0, σ2I − α2D1/2(n)X(n)X∗(n)D1/2(n)). We

need to choose α2 ≤ σ2/s1, where s1 is the largest eigenvalue of

D1/2(n)X(n)X∗(n)D1/2(n),

in order for ξ2(n) to have a positive semi-definite covariance matrix (we will talk

about how to choose the parameter α in practice in Section 4.4.5). We can therefore

rewrite the model in Eq. (4.19) as




v(n) = w(n) + αξ1(n)

d(n) = X(n)v(n) +D−1/2(n)ξ2(n)

(4.22)

The Expectation Maximization (EM) algorithm can be used to solve the penalized

ML problem of (4.20), with the help of the following alternative penalized ML problem

max
w(n)

{
log p(d(n),v(n)|w(n))− γ‖w(n)‖1

}
, (4.23)

which is easier to solve, employing v(n) as the auxiliary variable. The ℓth iteration

of the EM algorithm is as follows:




E-step: Q(w|ŵ(n)) := − 1
2α2 ‖r(ℓ) −w‖22 − γ‖w‖1,

where r(ℓ)(n) :=
(
I− α2

σ2X
∗(n)D(n)X(n)

)
ŵ(ℓ)(n) + α2

σ2X
∗(n)D(n)d(n)

M-step: ŵ(ℓ+1)(n) := argmaxwQ(w|ŵ(n)) = S(r(ℓ))
(4.24)
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Figure 4.1: Soft thresholding function

where S(·) : CM 7→ C
M is the element-wise soft thresholding function defined as

(
S(w)

)
i
:= sgn

(
ℜ{wi}

)(
|ℜ{wi}| − γα2

)
+
+ i sgn

(
ℑ{wi}

)(
|ℑ{wi}| − γα2

)
+

(4.25)

for all i = 1, 2, · · · ,M and the (·)+ operator is defined as (x)+ := max(x, 0).

Note that the above algorithm belongs to a class of pursuit algorithms denoted

by iterated shrinkage algorithms (See [23] for a detailed discussion). It is known that

the EM algorithm converges to a local maximum (See for example, [45], [91] and

[115]). Moreover, under the hypothesis of XI(n) being maximal rank, the maximizer

is unique and therefore the EM algorithm converges to the unique maximizer of the

cost function [116]. The latter hypothesis can be satisfied by appropriately designing

the input sequence x(n). For example, a Gaussian i.i.d. input sequence x(n) (as

well as the designs given in [16] and [63]) will guarantee this property with high

probability.

The soft thresholding function is plotted in Figure 4.1. Note that the soft thresh-

olding function tends to decrease the support of the estimate ŵ(n), since it shrinks

the support to those elements whose absolute value is greater than γα2. We can use

this observation to express the double iteration given in Eq. (4.24) in a low com-
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plexity fashion. Note that the M-step applies soft thresholding independently on the

real and imaginary parts of the vector r(ℓ)(n). In order to simplify the notation in

what follows, we present the low complexity implementation of the EM algorithm

for r(ℓ)(n) ∈ RM . Generalization to r(ℓ)(n) ∈ CM is straightforward, since the low

complexity implementation can be applied to the real and imaginary parts of r(ℓ)(n)

independently.

Let I(ℓ) be the support of r(ℓ)(n) at the ℓth iteration. Let



I(ℓ)+ := {i : r(ℓ)i (n) > γα2} ⊆ I(ℓ)

I(ℓ)− := {i : r(ℓ)i (n) < −γα2} ⊆ I(ℓ)
, (4.26)

B(n) := I− α2

σ2
X∗(n)D(n)X(n), (4.27)

and

u(n) :=
α2

σ2
X∗(n)D(n)d(n). (4.28)

Note that the second iteration in Eq. (4.24) can be written as

ŵ
(ℓ+1)
i (n) =





r
(ℓ)
i (n)− γα2 i ∈ I(ℓ)+

r
(ℓ)
i (n) + γα2 i ∈ I(ℓ)−

0 i /∈ I(ℓ)+ ∪ I(ℓ)−

(4.29)

for i = 1, 2, · · · ,M . We then have

B(n)ŵ(ℓ+1)(n) = BI(ℓ)
+
(n)
(
r
(ℓ)

I(ℓ)
+

(n)− γα21I(ℓ)
+

)
+BI(ℓ)

−

(n)
(
r
(ℓ)

I(ℓ)
−

(n) + γα21I(ℓ)
−

)
(4.30)

which allows us to express the EM iteration as follows:




r(ℓ+1)(n) = BI(ℓ)
+
(n)
(
r
(ℓ)

I(ℓ)
+

(n)− γα21I(ℓ)
+

)
+BI(ℓ)

−

(n)
(
r
(ℓ)

I(ℓ)
−

(n) + γα21I(ℓ)
−

)
+ u(n)

I(ℓ+1)
+ = {i : r(ℓ+1)

i (n) > γα2}

I(ℓ+1)
− = {i : r(ℓ+1)

i (n) < −γα2}
(4.31)
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This new set of iteration has a lower computational complexity, since it restricts the

matrix multiplications to the instantaneous support of the estimate r(ℓ)(n), which is

expected to be close to the support of w(n) [116]. We denote the iterations given in

Eq. (4.31) by Low-Complexity Expectation Maximization (LCEM) algorithm.

4.3 The SPARLS Algorithm

4.3.1 The Main Algorithm

Upon the arrival of the nth input, B(n) and u(n) can be obtained via the following

rank-one update rules:




B(n) = λB(n− 1)− α2

σ2x(n)x
∗(n) + (1− λ)I

u(n) = λu(n− 1) + α2

σ2 d
∗(n)x(n)

(4.32)

Upon the arrival of the nth input, x(n), the LCEM algorithm computes the es-

timate ŵ(n) given B(n), u(n) and s(0)(n). The LCEM algorithm is summarized in

Algorithm 2. Note that the input argument K denotes the number of EM iterations.

 ! !    ! "#"

SPARLS Scheme

 (n))w LCEM(
!   (n)w 

!"# $# $

 (n)w 
(n+1)w (n)w 

(n)x

RLS Scheme

(n)x

(n)w Kalman
Iteration

(n+1)w 

Figure 4.2: Schematic realizations of SPARLS and RLS algorithms.

The SPARLS algorithm is formally defined in Algorithm 3. Without loss of gener-

ality, we can set the time index n = 1 such that x(1) 6= 0, in order for the initialization
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Algorithm 2 LCEM
(
B,u, ŵ, I(K−1)

+ ∪ I(K−1)
− , K

)

Inputs: B, u, ŵ, I(K−1)
+ ∪ I(K−1)

− , and K.

Outputs: ŵ, I(K−1)
+ and I(K−1)

− .

1: r(0) = BI(K−1)
+

ŵI(K−1)
+

+BI(K−1)
−

ŵI(K−1)
−

+ u.

2: I(0)+ = {i : r(0)i > γα2}.

3: I(0)− = {i : r(0)i < −γα2}.

4: for ℓ = 1, 2, · · · , K − 1 do

5: r(ℓ) = BI(ℓ−1)
+

(
r
(ℓ−1)

I(ℓ−1)
+

− γα21I(ℓ−1)
+

)
+BI(ℓ−1)

−

(
r
(ℓ−1)

I(ℓ−1)
−

+ γα21I(ℓ−1)
−

)
+ u.

6: I(ℓ)+ = {i : r(ℓ)i > γα2}.

7: I(ℓ)− = {i : r(ℓ)i < −γα2}.

8: end for

9: for i = 1, 2, · · · ,M do

10: ŵi =





r
(K−1)
i − γα2 i ∈ I(K−1)

+

r
(K−1)
i + γα2 i ∈ I(K−1)

−

0 i /∈ I(K−1)
+ ∪ I(K−1)

−

.

11: end for

to be well-defined. The schematic realizations of the SPARLS and RLS algorithm are

depicted in Figure 4.2. Both algorithms perform in an online fashion and update the

estimate ŵ(n) upon the arrival of the new data input x(n).

4.3.2 Low Complexity Update Scheme

The update equation for B(n) can be implemented in a low complexity fashion.

This is due to the fact that the LCEM algorithm only needs the columns of B(n)
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Algorithm 3 SPARLS

Inputs: B(1) = I− α2

σ2x(1)x
∗(1), u(1) = α2

σ2x(1)d
∗(1) and K.

Output: ŵ(n).

1: for all Input x(n) do

2: B(n) = λB(n− 1)− α2

σ2x(n)x
∗(n) + (1− λ)I.

3: u(n) = λu(n− 1) + α2

σ2 d
∗(n)x(n).

4: Run LCEM
(
B(n),u(n), ŵ(n− 1), I(K−1)

+ (n− 1) ∪ I(K−1)
− (n− 1), K

)
.

5: Update ŵ(n).

6: end for

corresponding to the index set I+ ∪ I−. Thus, given the hypothesis that the subset

I(0)(n) does not vary much with n, i.e., |I(0)(n)\I(0)(n − 1)| ≪ |I(0)(n)|, one can

implement the update step for B(n) in a low complexity fashion as follows.

First, we consider the updating procedure for B(n) when the new input data x(n)

has arrived. Clearly, I(0)(n) = I(K−1)
+ (n − 1) ∪ I(K−1)

− (n − 1), if we run the LCEM

algorithm a total of K times for each new input x(n). The columns of B(n) required

for the LCEM algorithm clearly correspond to I(0)(n). We also assign a variable

ti ∈ {1, 2, · · · , n−1} to each column of B(n), which denotes the last time index when

the ith column of the matrix B was in the index set I(0). Upon the arrival of x(n), we

only update the columns of B(n) corresponding to the index set I(0)(n) and denote

the resulting matrix by B̃(n):

B̃i(n) = λn−tiB̃i(n− 1)− α2

σ2

n−ti−1∑

m=0

λm
(
(x(n−m)x∗(n−m))i + (1− λ)Ii

)
(4.33)

for all i ∈ I(0)(n). For example, if the ith column of B̃(n) has been last updated at
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time n− 3, then ti = n− 3, hence the update equation simply becomes:

B̃i(n) = λ3B̃i(n− 1)− α2

σ2

(
x(n)x∗(n) + λx(n− 1)x∗(n− 1) + λ2x(n− 2)x∗(n− 2)

)
i

+ (1− λ)(1 + λ+ λ2)Ii

Algorithm 4 LCU(B̃(n− 1),J , {ti}Mi=1)

Inputs: B̃(n− 1), J and {ti}Mi=1.

Output: BJ and {ti}Mi=1.

1: for all i in J do

2: B̃i(n) = λ
{
B̃i(n− 1)− α2

σ2

∑n−ti−1
m=0 λm

(
(x(n−m)x∗(n−m))i + (1− λ)Ii

)}
.

3: ti ← n.

4: end for

5: BJ ← B̃J

Subsequently, the time indices ti will be updated as ti = n for all i ∈ I(0)(n)

and remain unchanged otherwise. We can formally define the sub-routine Low Com-

plexity Update (LCU) for updating B(n) as in Algorithm 4. Note that if I(0)(n) =

{1, 2, · · · ,M} for all times, then the above update equation for B̃(n) is equivalent

to the update equation in Eq. (4.32). But, due to the sparsifying nature of the

estimator, the index set I(0)(n) is expected to be very close to the true index set

I. In that case the number of column updates at each time is I(0)(n). Moreover,

these updates are usually very simple in the steady state, since most of the tis are

equal to n, for all i ∈ I(0)(n), with the hypothesis of |I(0)(n)\I(0)(n−1)| ≪ |I(0)(n)|.

This way, we can exploit the sparseness of the estimate in order to reduce the com-

plexity of the update process for B(n). Therefore, one can use the LCU subroutine
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LCU(B(n − 1), I(K−1)
+ (n − 1) ∪ I(K−1)

− (n − 1), {ti}Mi=1) on line 2 of the SPARLS al-

gorithm. Similarly, the LCU subroutine can be used in the LCEM algorithm (right

before lines 1 and 5), when the algorithm needs to access sub-matrices such asBI(ℓ)
+
(n)

or BI(ℓ)
−

(n). Nevertheless, the hypothesis of |I(0)(n)\I(0)(n − 1)| ≪ |I(0)(n)| may be

violated, in which case using the LCU subroutine might result in drawbacks (See

Section IV-D for a detailed discussion). Nevertheless, one can always resort to the

original form of the SPARLS algorithm.

4.4 Analysis of the SPARLS Algorithm

In this section, we will study the convergence of SPARLS to a fixed point in a

stationary environment in Section 4.4.1, the steady state error of the SPARLS in Sec-

tion 4.4.2, comparison of the error performance of SPARLS and RLS in a stationary

environment for finite sample size, i.e., n < ∞ in Section 4.4.3, the complexity and

storage issues of SPARLS (with and without the LCU subroutine) in Section 4.4.4,

and finally, adjusting the parameters of SPARLS in Section 4.4.5.

4.4.1 Convergence Analysis

In order to study the convergence of the SPARLS algorithm, we need to make

a number of additional assumptions. First of all, we consider the case of constant

unknown vector w(n), i.e., w(n) = w0 for all n = 1, 2, · · · . Moreover, we analyze

the convergence in a stationary environment: the input sequence {x(n)}∞n=1 and the

output sequence {d(n)}∞n=1 are realizations of a jointly stationary random process.

Before moving on to the convergence analysis of SPARLS, we briefly overview
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the convergence properties of the EM algorithm. The global and componentwise

convergence of the EM algorithm has been widely studied in the statistics literature

(See, for example, [45] and [91]). According to the original paper of Dempster et

al. [45], the EM algorithm can be represented by a mapping Mn : CM 7−→ CM ,

defined as

ŵ(ℓ+1)(n) =Mn(ŵ
(ℓ)(n)) (4.34)

where the mappingMn is the composition of the E and M steps at time n. Moreover,

if the minimizer of the objective function

fn(w) :=
1

2σ2
‖D1/2d(n)−D1/2X(n)w‖22 + γ‖w‖1 (4.35)

is unique, we have

fn(w
(ℓ+1)(n)) < fn(w

(ℓ)(n)). (4.36)

From Lemma 3 of Tropp [116], we know that the minimizer of the objective

function given in Eq. (4.35) is unique if XI(n) is maximal rank, where I = supp(w0).

We denote this minimizer by w̃(n). The hypothesis of XI(n) being maximal rank can

be achieved if the input sequence is persistently exciting (In other words, the input

must be sufficiently rich to properly excite all modes of the system). For example,

if the input sequence x(n) is drawn from an i.i.d. random process, the columns of

XI(n) form an orthogonal set with probability 1. Hence, we can assume throughout

the analysis that the minimizer of the objective function is unique.

The SPARLS algorithm only performs the EM algorithm a finite (K) number of

times for each n. Hence, it does not exactly solve the minimization problem in (4.16).

Furthermore, the cost function varies at each step (with n). Hence, it is not trivial
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that performing the EM algorithm a finite number of times (K < ∞) at each step,

results in convergence to the unique minimizer of fn(x), as n → ∞. Indeed, the

following theorem establishes the convergence of the SPARLS algorithm under the

above assumptions:

Theorem 4.4.1 (Convergence). Given a stationary environment and a constant tar-

get sparse vector w0, the SPARLS algorithm (with K < ∞) converges almost surely

to the unique minimizer of the cost function fn(w), as n→∞.

Idea of proof: The idea of proof is to relate the convergence behavior of the

EM algorithm along one specific function fn(w) to the convergence of the SPARLS

algorithm across different functions fn(w). The proof is formally given in section 7.3.

Note that the case of n → ∞ is not of particular interest in our analysis of the

stationary scenario, since it defeats the purpose of compressive sampling. However,

the convergence proof guarantees that we can get to an arbitrarily small neighborhood

of the fixed point (i.e., limit of the unique minimizer of fn(w)) for finite n. This fact

will be used later in the performance comparison of SPARLS and RLS (See Theorem

4.2). Next, we study the steady state error of the SPARLS algorithm.

4.4.2 Steady State Error Analysis

We define the average instantaneous error of the SPARLS algorithm as follows:

ǫ(n) := Eη

{
‖ŵ(n)−w(n)‖2

}
. (4.37)
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As it is shown in section 4.7, ǫ(n) obeys the following recurrence relation:

ǫ(n + 1) ≤ ρ(n)Kǫ(n) + Eη

{∥∥(D1/2(n)XI(n))
+ηI(n)

∥∥
2

}

+ γσ2
∥∥∥
(
X∗

I(n)D(n)XI(n)
)−1∥∥∥

2,∞

+ ‖w(n+ 1)−w(n)‖2. (4.38)

where A+ is the Moore-Penrose pseudo-inverse of matrix A and ρ(n) is defined as

ρ(n) := 1 − α2

σ2 sM(n), with sM(n) being the minimum eigenvalue of X∗(n)D(n)X(n)

and the (2,∞)-norm of a matrix A is defined as ‖A‖2,∞ := maxx:x 6=0
‖Ax‖2
‖x‖∞ .

The first term on the right hand side corresponds to the linear convergence of

the EM algorithm, the second term corresponds to the observation noise, the third

term corresponds to the error bias with respect to the genie-aided (oracle) estimate,

and the fourth term corresponds to the evolution of the true vector w(n). Note that

we are allowing the target w(n) to change with time in the steady state. A popular

model to describe the evolution of the parameter vector in statistical signal processing

is the random walk model of the form:

w(n+ 1) = w(n) + κδ(n) (4.39)

where δ(n) is a white Gaussian random vector with covariance matrix ∆(n) and κ

is a scaling constant (See, for example, [85]). The scaling constant κ represents the

speed of the time evolution of w(n). In order for the error recurrence relation to

remain valid, we need to assume κ≪ 1, so that the estimate ŵ(n) remains in a small

neighborhood of the target w̃(n).

If we further assume that the last three terms on the right hand side do not

change rapidly with n, using the Cauchy-Schwarz inequality and averaging over δ(n)
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(assuming independence between δ(n) and η(n)), we get:

ǫ(n) /
1

1− ρ(n)K
(σ
√

Tr
(
(X∗

I(n)D(n)XI(n))−1
)
+ γα2

smin

(
X∗

I(n)D(n)XI(n)
) + κ

√
Tr(∆(n))

)
(4.40)

where smin(A) denotes the minimum eigenvalue of the matrix A ∈ CM×M . The

first term on the right hand side demonstrates the trade-off between the denoising

of the estimate and the additional cost due to ℓ1-regularization. The second term

corresponds to the regeneration of the unknown vector w(n). Finally, the factor of

1/(1−ρ(n)K) in the error bound is due to the linear convergence of the EM algorithm.

4.4.3 Error Performance Comparison of SPARLS and RLS

In the time-invariant scenario, choosing λ < 1, will result in a persistent steady

state MSE error as n → ∞, unlike RLS which converges to the true vector as the

number of measurements tend to infinity (with λ = 1). However, the steady state

MSE error of SPARLS can be sufficiently reduced by choose λ close enough to 1 in the

low sparsity regime. In fact, in the following theorem, we show that for L/M small

enough and for large enough but finite number of measurementsn, λ < 1 sufficiently

close to 1, and an appropriate choice of γ, the MSE performance of SPARLS is

superior to that of RLS (with λ = 1). This is indeed in line with the premises of

compressive sampling, which guarantee superior performance with significantly lower

number of measurements:

Theorem 4.4.2. Consider a stationary environment, for which the RLS algorithm

operates with λ = 1 and recovers the true tap-weight vector w0 as n → ∞. Let

ǫ(n) and ǫRLS(n) denote the average instantaneous errors of the SPARLS and RLS
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algorithms at the nth iteration, respectively. Then, for a given n0 large enough, there

exist constants 0 < a < 1, λ0 ∈ (0, 1) sufficiently close to 1 and γ0 such that for

λ = λ0 and γ = γ0 we have

ǫ(n0) < ǫRLS(n0), (4.41)

for L/M < a.

Idea of proof: The proof uses basic ideas regarding the Basis Pursuit algorithms

in compressed sensing (See, for example, [116] and [20]) and is given in section 4.8.

In fact, the MSE of SPARLS can be significantly lower than that of RLS for finite

n in the low sparsity regime, i.e., L ≪ M . This is evident in the fact that only the

components of noise corresponding to the index set I appear in the error expression

of SPARLS in Eq. (4.38), whereas all the noise coordinates contribute to the MSE

of RLS. This can also be observed from Fig. 5. Here, we have L = 5 and M = 100.

For n0 ≈ 120, SPARLS achieves its steady state error level, while it takes a much

longer time for RLS to achieve the same MSE (in about 500 iterations). Finally,

as simulation studies reveal, the SPARLS algorithm has significant MSE advantages

over the RLS algorithm, especially in low SNR and low sparsity regimes.

4.4.4 Complexity and Storage Issues

The SPARLS algorithm has a computational complexity of O(M2) multiplications

per step, which coincides with the order of complexity of the RLS algorithm [65]. In

what follows, we motivate the use of the LCU subroutine and its role in potentially

decreasing the computational complexity of the SPARLS algorithm under the hypoth-

esis that the index set I(0)(n) does not vary much across different n in the steady
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state, i.e., |I(0)(n)\I(0)(n− 1)| ≪ |I(0)(n)|.

If the LCU sub-routine is used in lines 1 and 5 of the LCEM algorithm, it

will be called a total of K times for each new input x(n) and requires a total of

∑K−1
ℓ=0

(
|I(ℓ)+ (n)| + |I(ℓ)− (n)|

)
column updates overall. Recall that ti denotes the last

time index when the ith column of the matrix B̃(n) appeared in the index set I(0)(ti).

For each i ∈ I(ℓ)+ (n)∪I(ℓ)− (n), the ith column of B̃(n) requires a total ofM(n− ti)+2

multiplications. Hence, the total number of multiplications required for K runs of the

LCU sub-routine is given by
∑K−1

ℓ=0

∑
i∈I(ℓ)

+ (n)∪I(ℓ)
−

(n)
(M(n − ti) + 2). The hypothesis

of |I(0)(n)\I(0)(n − 1)| ≪ |I(0)(n)|, implies that the indices ti are very close to n.

In other words, n − ti ≈ O(1), for all ti ∈ I(0)(n). Therefore, the total number of

multiplications will be O(KMN), where N := 1
K

∑K−1
ℓ=0

(
|I(ℓ)+ (n)|+ |I(ℓ)− (n)|

)
.

Moreover, the LCEM algorithm requires M
(
|I(ℓ)+ (n)| + |I(ℓ)− (n)|

)
multiplications

at the ℓth iteration in order to perform the E step. Thus, for a total of K iterations,

the number of multiplications carried out by the LCEM algorithm will be KMN . For

a sparse signal w(n), one expects to have N ≈ O(‖w(n)‖0) = O(L). Therefore, the

overall complexity of the LCEM algorithm is roughly of the order O(KLM). Thus

under the hypothesis of |I(0)(n)\I(0)(n− 1)| ≪ |I(0)(n)|, the SPARLS algorithm has

a lower computational complexity than the RLS algorithm, which requires O(M2)

multiplications for each step.

Note that the assumption of |I(0)(n)\I(0)(n − 1)| ≪ |I(0)(n)| may be violated

at some steps of the algorithm. This can, for example, happen when the support

of the true vector changes over time. However, even when the support of the true

vector is constant over time, a new component, say i, may arise in I(0)(n) after a



Chapter 4: SPARLS: The Sparse RLS Algorithm 73

long time (ti ≪ n). Therefore, the LCU routine needs to update the corresponding

column of B̃(n) using all the previous regressors from time ti to n. Moreover, the

LCU subroutine requires storing all the regressors x(j) from time j = mini ti to

n. However, simulation studies reveal that such events are very rare (a component

being inactive for a long time which suddenly arises in I(0)(n)). Although this is a

drawback compared to RLS (in terms of storage requirements), the cost of storing

a finite number of regressors is traded off with potential computational complexity

reduction. Finally, note that in any case the cumulative computational complexity of

SPARLS using the LCU subroutine (from time 1 to n) will always be lower or equal

to that of RLS.

4.4.5 Adjusting the Parameters of SPARLS

Parameter α: As mentioned earlier in Section 4.2.3, the parameter α in the

SPARLS algorithm must be chosen such that α2 ≤ σ2/s1, where s1 is the largest eigen-

value of D1/2(n)X(n)X∗(n)D1/2. This constraint clearly depends on the underlying

statistical characteristics of the input sequence x(n). Here, we investigate this con-

straint for the Gaussian i.i.d. input sequence, i.e., x(i) ∼ N (0, ν2), for i = 1, 2, · · · , n,

for simplicity. Generalization to other stationary input sequences is possible.

First, note that the maximum eigenvalue of the above matrix is equal to the

maximum eigenvalue of C(n) := X∗(n)D(n)X(n). Recall that the rows of the matrix

X(n) are the tap inputs at times 1, 2, · · · , n. Hence, X(n) has a Toeplitz structure [63].

We have

C(n) =

n∑

k=1

λn−kx(k)x∗(k) (4.42)
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where x(k) is the tap input at time k. Hence, the (i, j)th element of the C(n) can

be expressed as Cij(n) =
∑n

k=1 λ
n−kxi(k)x

∗
j (k). In order to obtain bounds on the

eigen-values of the matrix C(n), we adopt the methodology of [63] which uses the

Gershgorin’s disc theorem together with concentration bounds on sums of independent

random variables. In our case, however, we are dealing with weighted sums of random

variables. We first state a lemma from [84] which we will use later:

Lemma 4.4.3. Let x1, x2, · · · , xn be i.i.d. Gaussian variables with mean zero and

variance 1. Let a1, a2, · · · , an be nonnegative. Let

|a|∞ := sup
i
ai, |a|22 =

n∑

i=1

a2i

and

Z :=

n∑

i=1

ai(x
2
i − 1)

Then, the following inequalities hold for all t:

P
(
Z ≥ 2|a|2

√
t + 2|a|∞t

)
≤ exp(−t)

P
(
Z ≤ −2|a|2

√
t
)
≤ exp(−t)

Proof. The proof is given in [84].

Now, the ith diagonal element of C(n) is given by

Cii(n) =

n∑

k=1

λn−kx2i (k)

with E(Cii(n)) = nλν
2, where nλ := 1−λn+1

1−λ
. Using lemma 4.4.3 with ai := λn−i,

i = 1, 2, · · · , n yields:

P
(
|Cii(n)− nλν

2| ≥ 4ν2
√
nλ2t

)
≤ 2 exp(−t)
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for 0 ≤ t ≤ 1. Also, a slight modification of Lemma 6 in [63] yields:

P
(
|Cij(n)| ≥ t

)
≤ 2 exp

(
− t2

4ν2(nλ2ν2 + t/2)

)

Similar to [63], we seek conditions on λ, n and ν2 such that the eigenvalues of

C(n) lie in the interval [1 − δ, 1 + δ], where δ < 1 is a positive constant. It can be

shown that if nλν
2 = 1, and n is large enough so that nλ ≈ 1

1−λ
, the eigen-values of

C(n) lie in the above interval with probability exceeding

1− 3M2 exp

(
− nλδ

2

54M2

)
. (4.43)

In particular, for any c < δ2

54
, by choosing

λ ≥ 1− δ2 − 54c

162M2 logM
,

the exponent in the above expression goes to 0 at a polynomial rate. A similar

treatment can be applied to other input sequences, e.g., bounded input sequences [63],

using the straightforward variant of the Hoeffding’s lemma for weighted sums [66].

The above bound on λ is not optimal. In fact, comparing to the Gaussian i.i.d. case,

one expects to obtain bounded eigen-values given λ ≥ 1 − C0

M
, for some constant

C0. Studying the eigen-values of structured and exponentially weighted covariance

estimates is a hard problem in general. We will state an interesting result in this

class.

Suppose that the exponentially weighted random matrix C(n) is formed by the

set {xik}, where xij are i.i.d. Gaussian random variables distributed as N (0, ν2).

This is denoted by the independence assumption in the jargon of adaptive signal

processing [65]. Note that C(n) can be identified as the empirical estimate of the
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covariance matrix through an exponentially weighted moving average. Such random

matrices often arise in portfolio optimization techniques (See, for example, [98]).

In [98], the eigen-distribution of such matrices is studied and compared to those of

Wishart ensembles. Using the resolvent technique (See, for example, [111]), it is

shown in [98] that in the limit of M → ∞ and λ → 1, with Q := 1/M(1 − λ) fixed,

and n → ∞, the eigenvalues of the matrix (1 − λ)C(n) are distributed according to

the density

ρ(s) =
Qv

π
(4.44)

where v is the solution to the non-algebraic equation s
ν2
− vs

tan(vs)
+log(vν2)−log sin(vs)−

1
Q
= 0.

For example, by solving the above equation numerically for Q = 2 and ν = 1, the

minimum and maximum eigenvalues in the spectrum of (1− λ)C(n) are found to be

0.30 and 2.37, respectively. As it is shown in [98], for finite but large values of M ,

the empirical eigen-distribution is very similar to the asymptotic case.

Finally, note that the asymptotic value of ρ(n) = 1 − α2/σ2sM(n) as n → ∞,

can be estimated using the minimum eigenvalue of C(n), which is bounded below by

1− δ, with probability exceeding the expression of Eq. (6.5).

Parameter γ: The parameter γ is an additional degree of freedom which controls

the trade-off between sparseness of the output (computational complexity) and the

MSE. For very small values of γ, the SPARLS algorithm coincides with the RLS

algorithm. For very large values of γ, the output will be the zero vector. Thus,

there are intermediate values for γ which result in low MSE and sparsity level which

is desired. The parameter γ can be fine-tuned according to the application we are
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interested in. For example, for estimating the wireless multi-path channel, γ can be

optimized with respect to the number of channel taps (sparsity), temporal statistics

of the channel and noise level via exhaustive simulations or experiments. Note that

γ can be fine-tuned offline for a certain application. Theoretical bounds on γ for

near-oracle recovery are discussed in [20] and [116]. There are also some heuristic

methods for choosing γ which are discussed in [55]. The noise variance σ2 can be

estimated in various ways, which are discussed in [55] and [74].

Parameter λ: The parameter λ can be fine-tuned based on the time-variation rate

of the true vector, as it is done for the RLS algorithm. However, for the SPARLS

algorithm we assume that λ ∈ (0, 1), in the cost function given in Eq. (4.16), even

when the true vector is constant over time. This is due to the fact that with λ = 1,

which is used for RLS algorithm when the true vector is constant over time, for large

values of n, the quadratic term in Eq. (4.16) grows unboundedly and dominates the

ℓ1-penalty term. Hence, the minimizer of the cost function, for large values of n,

coincides with that obtained by the RLS algorithm, which is not necessarily sparse.

Restricting λ to lie in the open interval (0, 1) maintains a proper scaling between the

quadratic and ℓ1-penalty terms, since the quadratic term will remain bounded over

time. The lack of scalability of the Laplacian prior induced by the ℓ1-penalty term, has

led some researchers to employ the Gaussian Scale Mixture (GSM) densities, which

are known to be scale invariant (See [6] and [103]). However, there are a number

of well-established performance results that show potential near-oracle performance

when the Laplacian prior is used (See [20] and [116]). In this regard, we have chosen

to use the Laplacian prior. Nevertheless, generalization of the SPARLS algorithm



Chapter 4: SPARLS: The Sparse RLS Algorithm 78

equipped with other penalization schemes (such as the GSM prior) is possible.

4.5 Simulation Studies

We consider the estimation of a sparse multi-path wireless channel generated by

the Jake’s model [73]. In the Jake’s model, each component of the tap-weight vector

is a sample path of a Rayleigh random process with autocorrelation function given

by

R(n) = J0(2πnfdTs) (4.45)

where J0(·) is the zeroth order Bessel function, fd is the Doppler frequency shift and Ts

is the channel sampling interval. The dimensionless parameter fdTs gives a measure

of how fast each tap is changing over time. Note that the case fdTs = 0 corresponds

to a constant tap-weight vector. Thus, the Jake’s model covers constant tap-weight

vectors as well. For the purpose of simulations, Ts is normalized to 1.

We consider two different input sequences {x(i)}∞i=1 for simulations: Gaussian

i.i.d. input sequence, where each x(i) is distributed according to N (0, 1/M), and

i.i.d. random Rademacher input sequence, where each x(i) takes the values ±1/
√
M

with equal probability. The SNR is defined as E{‖w‖22}/σ2, where σ2 is the variance

of the Gaussian zero-mean observation noise. The locations of the nonzero elements of

the tap-weight vector are randomly chosen in the set {1, 2, · · · ,M} and the SPARLS

algorithm has no knowledge of these locations. Also, all the simulations are done

with K = 1, i.e., a single LCEM iteration per new data and the column updates are

performed using the LCU subroutine. Finally, a choice of α = σ/2 has been used
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(Please see Section 4.4.5).

We compare the performance of the SPARLS and RLS with respect to two per-

formance measures. The first measure is the MSE defined as

MSE :=
E{‖ŵ −w‖22}

E{‖w‖22}
(4.46)

where the averaging is carried out by 50000 Monte Carlo samplings. The number of

samples has been chosen large enough to ensure that the uncertainty in the measure-

ments is less than 1%. The second measure is the computational complexity ratio

(CCR) which is defined by

CCR :=
average number of multiplications for SPARLS

average number of multiplications for RLS
(4.47)

4.5.1 Time-invariant Scenario: fd = 0

In this case, the best choice of λ for the RLS algorithm is λ = 1. As mentioned

earlier in Section 4.4.5, in order to maintain the scaling between the quadratic and

ℓ1-penalty terms of the cost function, we choose λ < 1 for SPARLS. A value of

λ = 0.999 has been chosen for the SPARLS algorithm. The corresponding values of

γ are obtained by exhaustive simulations and are listed in Tables I and II. Moreover,

we have L = 5 and M = 100, and both RLS and SPARLS algorithms are run for

Gaussian and Rademacher i.i.d. input sequences of length 500.

Figures 4.3(a) and 4.3(b) show the mean squared error and computational com-

plexity ratio of the SPARLS and RLS algorithm for Gaussian and Rademacher i.i.d.

sequences, respectively. The SPARLS algorithm gains about 5 dB in MSE and about

75% less computational complexity.
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Figure 4.3: MSE and CCR of RLS and SPARLS vs. SNR for fdTs = 0.
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Figure 4.4: MSE of RLS and SPARLS vs. time for SNR = 10, 20 and 30 dB and
i.i.d. Gaussian input sequence. The time scale is normalized to the signaling interval
of the input sequence.

Figure 4.4 shows the time-domain behavior of the SPARLS and RLS algorithms

for three different SNR levels of 10 dB, 20 dB and 30 dB, with Gaussian i.i.d. input

(the case of Rademacher i.i.d. input is very similar, and thus omitted for brevity).
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A value of λ = 0.999 has been used for the SPARLS algorithm in this case. As it

is clear from the figure, for low number of measurements, the SPARLS algorithm

significantly outperforms the RLS algorithm in terms of MSE.

4.5.2 Time-varying Scenario: fd 6= 0

In order to compare the performance of the SPARLS and RLS algorithms, we

first need to optimize the RLS algorithm for the given time-varying channel. By

exhaustive simulations, the optimum forgetting factor, λ, of the RLS algorithm can

be obtained for various choices of SNR and fdTs. As for the SPARLS algorithm, we

perform a partial optimization as follows: we use the values of Tables 1 and 2 for

λ and optimize over γ with exhaustive simulations. Note that with such choices of

parameters λ and γ, we are comparing a near-optimal parametrization of SPARLS

with the optimal parametrization of RLS. The performance of the SPARLS can be

further enhanced by simultaneous optimization over both λ and γ. The pairs of (λ, γ)

corresponding to the optimal values of γ and λ vs. σ2 and fdTs are summarized in

Tables 4.1 and 4.2, for i.i.d. Gaussian and Rademacher input sequences, respectively.

Table 4.1: Optimal values of λ for the RLS algorithm and the corresponding values
of γ for the SPARLS algorithm vs. σ2 and fdTs, for i.i.d. Gaussian input.

❍
❍
❍
❍
❍
❍

σ2

fdTs 0 0.0001 0.0005 0.001 0.005

0.0001 (0.999, 100) (0.97, 100) (0.96, 100) (0.97, 100) (0.99, 200)
0.0005 (0.999, 50) (0.97, 50) (0.97, 50) (0.98, 40) (0.99, 100)
0.001 (0.999, 35) (0.98, 35) (0.98, 30) (0.99, 25) (0.99, 60)
0.005 (0.999, 15) (0.99, 15) (0.99, 15) (0.99, 10) (0.99, 30)
0.01 (0.999, 13) (0.99, 10) (0.99, 8) (0.99, 8) (0.99, 15)
0.05 (0.999, 3) (0.99, 3) (0.99, 3) (0.99, 3) (0.99, 5)
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Table 4.2: Optimal values of λ for the RLS algorithm and the corresponding values
of γ for the SPARLS algorithm vs. σ2 and fdTs, for i.i.d. Rademacher input.

❍
❍
❍
❍
❍
❍

σ2

fdTs 0 0.0001 0.0005 0.001 0.005

0.0001 (0.999, 100) (0.97, 90) (0.96, 90) (0.97, 90) (0.99, 250)
0.0005 (0.999, 50) (0.97, 50) (0.97, 45) (0.98, 45) (0.99, 100)
0.001 (0.999, 35) (0.98, 35) (0.98, 35) (0.99, 20) (0.99, 70)
0.005 (0.999, 10) (0.99, 10) (0.99, 10) (0.99, 10) (0.99, 30)
0.01 (0.999, 8) (0.99, 5) (0.99, 5) (0.99, 5) (0.99, 10)
0.05 (0.999, 5) (0.99, 4) (0.99, 4) (0.99, 4) (0.99, 7)
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Figure 4.5: MSE of RLS and SPARLS vs. SNR for fdTs = 0.0001,0.0005, 0.001 and
0.005.

Figures 4.5(a) and 4.5(b) show the mean squared error of the RLS and SPARLS

algorithms for fdTs = 0.0001, 0.0005, 0.001 and 0.005, with L = 5 and M = 100,

for i.i.d. Gaussian and Rademacher inputs, respectively. Similarly, Figures 4.6(a)

and 4.6(b) show the computational complexity ratio of the SPARLS algorithm com-

pared RLS for the same values of fdTs, for i.i.d. Gaussian and Rademacher inputs,

respectively.

In both cases, the SPARLS algorithm outperforms the RLS algorithm with about

7 dB gain in the MSE performance. Moreover, the computational complexity of the
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Figure 4.6: CCR of RLS and SPARLS vs. SNR for fdTs = 0.0001,0.0005, 0.001 and
0.005.

SPARLS (using the LCU subroutine) is about 80% less than that of RLS on average.

4.6 Proof of Theorem 4.1

Suppose that we perform the LCEM algorithm a total of K times in each step.

The estimate at time n+ 1 can be written as

ŵ(n + 1) =Mn ◦Mn ◦ · · · ◦Mn︸ ︷︷ ︸
K times

(ŵ(n)) =MK
n (ŵ(n)). (4.48)

Now, consider the objective function fn(w):

fn(w) = const. +
1

2σ2

{
w∗X∗(n)D(n)X(n)w− 2Re

{
w∗

0X
∗(n)D(n)X(n)w

}

−2Re
{
η∗(n)D(n)X(n)w

}}
+ γ‖w‖1 (4.49)

Using the stationarity hypothesis, we assume that the input vector x(i) at time i is

a random vector with zero mean entries and covariance Rx. For n large enough, the

entries of the matrix X∗(n)D(n)X(n) can be written as

(X∗(n)D(n)X(n))ij =

n−1∑

k=0

λkxi(k)x
∗
j (k)→

1

1− λ(Rx)ij, (4.50)
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where we have invoked the strong law of large numbers for weighted sums [38]. If we

take the expectation of the objective function with respect to η(n), we get:

Eη{fn(w)} → f(w) := const. +
1

2σ2(1− λ)
{
w∗Rxw − 2Re

{
w∗

0Rxw
}}

+ γ‖w‖1

(4.51)

as n→∞. Note that f(w) is independent of n. From the continuity of the minimizer

of fn(w) in η(n), we conclude that

Eη{w̃(n)} → w̃0 (4.52)

as n → ∞ almost surely. The above limit process implies the existence of a limit

genie-aided estimate as the number of observations n tends to infinity.

We want to show that the SPARLS algorithm converges to w̃0 almost surely.

Throughout the rest of the proof, we drop the expectation with respect to η for

notational simplicity and assume it implicitly in our derivations.

Consider Kn0 successive iterations of the EM algorithm on a single cost function

fn(w) at time n, resulting in the set of estimates {Mi
n(ŵ(n))}Kn0

i=1 . It is possible to

choose n0 large enough such that

∣∣fn
(
MKn0

n (ŵ(n))
)
− fn(w̃(n))| < ǫ/3 (4.53)

due to the guaranteed convergence of the EM algorithm applied to a single cost

function fn(w) [45]. In other words, due to the continuity of fn(w), we can reach

an arbitrarily small neighborhood of w̃(n) in finite time by successively applying the

EM iteration across the curve fn(w).

Now, consider applying the SPARLS iterations from time n to n+n0−1, resulting

in the estimates {ŵ(n + i)}n0
i=1, where ŵ(n + i) := MK

n+i−1(ŵ(n + i − 1)). By the
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continuity of the mapping Mn in the linear and quadratic coefficients of w, and by

the continuity of the function fn(w) in w, we can choose n large enough such that

∣∣fn+n0(ŵ(n+ n0))− fn+n0(MKn0
n (ŵ(n)))

∣∣ =
∣∣∣fn+n0

(
MK

n+n0−1 ◦MK
n+n0−2 ◦ · · · ◦MK

n (ŵ(n))
)
− fn+n0

(
MKn0

n (ŵ(n))
)∣∣∣ ≤ ǫ/3

(4.54)

Since the coefficients of the linear and quadratic terms in fn(w) are independent

of n in the limit of n→∞, fn(w) tends to f(w) in a point-wise fashion. Let

W := B2‖w̃0‖2(0) :=
{
w ∈ C

M : ‖w‖2 ≤ 2‖w̃0‖2
}

(4.55)

Since CM is a separable metric space, by the Egorov’s theorem [127], the point-wise

convergence of the continuous bounded functions fn(w) to f(w) in the compact set

W , implies uniform convergence everywhere except on some subset of arbitrarily small

measure. Hence, for any positive ǫ > 0, there exists an integer N such that for all

n > N we have

max
w∈W

|fn(w)− f(w)| < ǫ/12. (4.56)

By Eqs. (4.53) and (4.54), it is implied that for ǫ small enough, ŵ(n + n0) and

MKn0
n (ŵ(n)) are in a small neighborhood of w̃(n) (due to the continuity of fn(·) and

fn+n0(·)). Hence, by choosing n large enough, the points ŵ(n+n0) andMKn0
n (ŵ(n))

lie inside the set W . We thus have

∣∣fn(ŵ(n + n0))− fn(MKn0
n (ŵ(n)))

∣∣ ≤
∣∣fn+n0(ŵ(n + n0))− fn(ŵ(n + n0))

∣∣

+
∣∣fn+n0(MKn0

n (ŵ(n)))− fn(MKn0
n (ŵ(n)))

∣∣

+
∣∣fn+n0(MKn0

n (ŵ(n)))− fn+n0(ŵ(n + n0))
∣∣

≤4ǫ/12 + ǫ/3 = 2ǫ/3 (4.57)
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Hence, after n0 iterations of the SPARLS algorithm, we have

∣∣fn(ŵ(n + n0))− fn(w̃(n))
∣∣ ≤
∣∣fn(ŵ(n+ n0))− fn(MKn0

n (ŵ(n)))
∣∣

+
∣∣fn(MKn0

n (ŵ(n)))− fn(w̃(n))
∣∣ < 2ǫ/3 + ǫ/3 = ǫ.

Therefore, after n0 iterations, we can reach an arbitrarily small neighborhood of w̃(n)

for all n, due to the continuity of fn(w). Since w̃(n)→ w̃0, we can reach an arbitrarily

small neighborhood of w̃0 in finite time for all n. Therefore, the SPARLS algorithm

converges to w̃0 almost surely.

4.7 Steady State Error Analysis: Derivations

First, we briefly overview the convergence properties of the EM algorithm. The

global and componentwise convergence of the EM algorithm has been widely studied

in the statistics literature (See, for example, [45] and [91]). Suppose, for the mo-

ment, that the mappingMn is differentiable at w̃(n), the maximizer of the objective

function in Eq. (4.18). We can therefore write the Taylor expansion as follows:

ŵ(ℓ+1)(n)−w̃(n) = DMn(w̃(n))
(
ŵ(ℓ)(n)−w̃(n)

)
+O

(∥∥ŵ(ℓ)(n)−w̃(n) big‖2
)
, (4.58)

where DMn is the Jacobian of the mappingMn and we have used the fact that w̃(n)

is a fixed point for the mappingMn. Hence, in a sufficiently small neighborhood of

w̃(n), the EM algorithm is simply a linear mapping. However, in our case the mapping

Mn is not differentiable, since the soft thresholding function is not differentiable at

points −γα2 and γα2. We can therefore use the sub-differential of the mappingMn

in order to study its behavior in a neighborhood of w̃(n). Let E : CM 7−→ CM be a
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mapping defined as:

E(w) :=
(
I− α2

σ2
X∗DX

)
w +

α2

σ2
X∗Dd. (4.59)

Note that we have dropped the dependence on n for notational convenience. The

mapping M is then simply given by M(w) = S ◦ E(w), where S(·) is the elemen-

twise soft thresholding function, defined in Eq. (4.25). Although the mapping E is

differentiable, the mapping S is not. However, as we will see later on, the restriction

on the convergence properties of the EM algorithm does not arise from the M step

and is mainly due to the E step. In order to simplify the notational presentation, we

assume that w ∈ RM . Due to the trivial isomorphism of the vector spaces CM and

R2M over the field of real numbers, generalization to w ∈ CM is straightforward. We

can define the sub-differential of the mapping S as follows (See, for example, [104]):

∂S(w) = diag(h1, h2, · · · , hM) (4.60)

where

hi :=





1 |wi| > γα2

0 ≤ hi ≤ 1 |wi| = γα2

0 |wi| < γα2

(4.61)

In addition, from the chain rule for sub-differentials [104], we have

∂M(w) = ∂(S ◦ E(w)) =
(
∂S(E(w))

)∗(
I− α2

σ2
X∗DX

)
(4.62)

Therefore, by an appropriate choice of the sub-differential of S at w̃(n), we can locally

approximate the EM iteration by

ŵ(ℓ+1)(n)−w̃(n) ≈
(
∂S(E(w̃(n)))

)∗(
I−α

2

σ2
X∗(n)D(n)X(n)

)(
ŵ(ℓ)(n)−w̃(n)

)
(4.63)
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From the convergence results of [45] and [91], it is known that the linear conver-

gence rate of the EM algorithm is governed by the maximum eigenvalue of the Jaco-

bianDM. In our case, we need to consider the maximum eigenvalue of ∂(S◦E(w̃(n))).

Clearly, the maximum eigenvalue of the diagonal matrix ∂S(E(w̃(n)) is bounded

above by 1, since all its diagonal elements hi are bounded as 0 ≤ hi ≤ 1. In fact, the

maximum eigenvalue of ∂S(E(w̃(n)) is equal to 1, unless all the elements of w̃(n) are

in the range −γα2 ≤ wi ≤ γα2, which is very unlikely to happen. This account for the

earlier claim that the maximum eigenvalue of ∂S does not play a significant role in the

convergence rate, since it most likely is equal to 1. Therefore, the rate of convergence

is governed by the maximum eigenvalue of the matrix I − α2

σ2X
∗(n)D(n)X(n), which

is given by

ρ(n) := 1− α2

σ2
sM(n), (4.64)

where sM(n) is the minimum eigenvalue of X∗(n)D(n)X(n) (there is more to say

about the asymptotic behavior of ρ(n), as n → ∞, in Section 4.4.5). If we perform

the EM iteration a total of K times, we can write:

‖ŵ(n+ 1)− w̃(n)‖2 ≤
∥∥∥
(
∂M(w̃(n))

)K∥∥∥
2
‖ŵ(n)− w̃(n)‖2

≤ρ(n)K‖ŵ(n)− w̃(n)‖2, (4.65)

for ŵ(n) in a small neighborhood of w̃(n).

Recall that from Lemma 3 of [116], we know that the maximizer of the ob-

jective function given in Eq. (4.18) is unique if XI(n) is maximal rank, where

I = supp(w(n)). Moreover, Lemma 6 of Tropp in [116] establishes that if γ sat-
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isfies

γ ≥ ‖X
∗(n)D1/2(n)(D1/2(n)XI(n))

+D1/2(n)ηI(n)‖∞
1−max

i/∈I
|X∗

i (n)D(n)X(n)g(n)| , (4.66)

we have

ŵg(n)− w̃(n) = γσ2
(
X∗

I(n)D(n)XI(n)
)−1

g(n) (4.67)

where ŵg(n) is the genie-aided estimate of w(n) given by

ŵg(n) :=
(
D1/2(n)XI(n)

)+
D1/2(n)dI(n) = w(n) +

(
D1/2(n)XI(n)

)+
ηI(n) (4.68)

and g(n) is in the sub-gradient set of ‖w̃(n)‖1. The genie-aided estimate corresponds

to the least square solution when a genie has provided the support of w(n) to the

estimator and is considered to be a theoretical performance benchmark for the es-

timation of sparse vectors. Using the relations between ŵg(n), w̃(n) and w(n) and

triangle inequality we can write:

ǫ(n + 1) =Eη

{
‖ŵ(n+ 1)− w̃(n) + w̃(n)−w(n) +w(n)−w(n+ 1)‖

}

≤ρ(n)Kǫ(n) + Eη

{∥∥(D1/2(n)XI(n))
+ηI(n)

∥∥
2

}

+ γσ2
∥∥∥
(
X∗

I(n)D(n)XI(n)
)−1∥∥∥

2,∞

+ ‖w(n+ 1)−w(n)‖2. (4.69)

where the (2,∞)-norm of a matrix A is defined as ‖A‖2,∞ := maxx:x 6=0
‖Ax‖2
‖x‖∞ .

4.8 Proof of Proposition 4.2

For the RLS algorithm (with λ = 1), the error expression is given by

ǫRLS(n+ 1) := Eη

{∥∥ŵRLS(n + 1)−w(n+ 1)
∥∥
2

}
= Eη

{∥∥X+(n)η(n)
∥∥
2

}
. (4.70)
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According to Eq. (4.38) the corresponding error expression for the SPARLS algorithm

in a stationary environment is upper bounded as

ǫ(n + 1) ≤ ρK(n)ǫ(n) + Eη

{∥∥(D1/2(n)XI(n))
+ηI(n)

∥∥
2

}

+ γα2
∥∥∥
(
X∗

I(n)D(n)XI(n)
)−1
∥∥∥
2,∞

. (4.71)

Let µ(n) be the coherence of the matrix X∗(n)D(n)X(n). Now, we claim that for

n0 < ∞ and L < aM < 1/(3µ(n0)) for some a > 0, one can choose γ0 and λ0 < 1

such that

Eη

{∥∥(D1/2(n0)XI(n0))
+ηI(n0)

∥∥
2

}
+ γα2

∥∥∥
(
X∗

I(n0)D(n0)XI(n0)
)−1
∥∥∥
2,∞

< Eη

{∥∥X+(n0)η(n0)
∥∥
2

}
. (4.72)

with high probability. First, note that the claim is obviously true for λ = 1, for

an appropriate choice of γ and a sufficiently incoherent measurement matrix X(n),

thanks to the results of Tropp [116] and Ben-Haim et al. [20] on the near-oracle

performance of Subspace Pursuit. Next, by the continuity of the pseudo-inverse

operator in the argument D1/2(n), the continuity of the coherence µ(n) in λ, and

finally the continuity of the lower bound on γ in λ (See Eq. (4.66) or Lemma 6

of [116]), there exist λ0 < 1 and γ0 such that the above inequality holds.

Note that with the appropriate choice of γ0 as in [116] and [20], |I| ≤ L with high

probability. Hence, for L≪ M (low sparsity regime), the left hand side of Eq. (4.72)

can be significantly smaller than the right hand side. Now, given that the SPARLS

algorithm converges to a fixed point (Theorem 4.1), for n0 large enough, the average

instantaneous error of SPARLS, ǫ(n0), is a factor of 1/(1 − ρ(n0)
K) away from the

left hand side of Eq. (4.72). By choosing K appropriately, one can guarantee that
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ρ(n0)
K ≪ 1. Hence, there exists 0 < a < min{ 1

3µ(n0)M
, 1} such that for L/M < a, we

have ǫ(n0) < ǫRLS(n0). This establishes the statement of the theorem.



Chapter 5

Adaptive Algorithms for Sparse

System Identification

5.1 Introduction

This chapter presents a compendium of adaptive algorithms for sparse system

identification, which are based on the Expectation-Maximization framework [77, 78].

The expectation step is carried out by Kalman filtering while the maximization step

corresponds to a soft-thresholding function due to the ℓ1-regularization. This algorith-

mic separation and the particular form of the assumed parameter dynamics, enables

us to develop several sparse variants including RLS, LMS and fast RLS schemes.

As a particular application, adaptive identification of sparse nonlinear systems

described by finite Volterra models is considered. Very often power amplifiers located

at an access point of a downlink channel (e.g., base stations in cellular systems and

repeaters for satellite links) operate close to saturation in order to achieve power effi-

92
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ciency. In such cases nonlinearities cannot be ignored without significant loss of per-

formance. A widely used method to describe nonlinear systems is based on Volterra

models [21, Ch. 14]. Volterra models employ a large number of parameters which

increases exponentially with the order of nonlinearity. Therefore, there is a strong

need to reduce the number of terms by only considering those terms that actually con-

tribute to the output. All previous algorithms for estimating Volterra kernels treat

each kernel equally and identify the complete set of kernels. The major drawback

of estimating the complete set of kernels is the large computational/implementation

cost. It is shown that significant performance gains are achieved if insignificant ker-

nels are ignored. The proposed algorithms are applied to two channel settings. The

first setting takes into account the Power Amplifier (PA) dynamic nonlinearities but

ignores multipath fading. The second setting includes fading as well.

The rest of this chapter is organized as follows. Sparse problem formulation is

addressed in Section 5.2. The proposed algorithms for adaptive tracking of sparse

systems are given in section 5.3. In section 5.4 two important sparse nonlinear chan-

nels are discussed. Simulations results are presented in section 5.5.

5.2 Sparse Problem Formulation

Recall the problem of estimating a sparse vector, w, from noisy linear measure-

ments of the form

y(i) = x∗(i)w + v(i), 1 ≤ i ≤ n, (5.1)
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where y(i) and x(i) are the system output and input (at time i) and v(i) is zero mean,

independent and identically distributed (i.i.d) Gaussian noise (of variance σ2
v).

1 The

complex parameter vector w ∈ CM is said to be L−sparse if it has s or fewer non-zero

elements and L≪M . Let supp(w) denote the support set of w, supp(w) = {j : hj 6=

0}, namely the set of nonzero coefficients. The number of elements of the support of

w defines the ℓ0 quasi-norm of w. Then w is L−sparse if ‖w‖0 ≤ L≪M .

Collecting n successive samples from the above equation into a column format

results in the following system of linear equations

y(n) = X(n)w + v(n) (5.2)

where y(n) = [y(1), · · · , y(n)]T ,X(n) = [x∗(1), · · · ,x∗(n)]T , v(n) = [v(1), · · · , v(n)]T .

Eq. (5.2) provides a noisy representation of a block of successive received samples in

terms of the columns of X(n) ∈ Cn×M .

As discussed in Chapter 4, we intend to adaptively estimate w by solving the

following optimization problem:

min
w

{
1

2
‖y(n)−X(n)w‖22 + γ‖w‖1

}
. (Pℓ1)

5.3 Adaptive algorithms

In this section, we propose a family of sparse adaptive algorithms. Generalizing

the stationary environment described by Eq. (5.2), we now consider time-varying

parameters. Let w(n) denote the parameter vector at time n. Motivated by the

adaptive filtering practice we shall assume that the parameter dynamics are governed

1Our analysis assumes a system with complex valued variables.



Chapter 5: Adaptive Algorithms for Sparse System Identification 95

by the first order model of Eq. (5.3). The derived family of sparse adaptive algorithms

is based on the Expectation Maximization (EM) framework.

Let us start by considering a model that captures the dynamics of the unknown

parameter vector w(n). A popular technique in the adaptive filtering literature is to

describe parameter dynamics by the first-order model [85, p. 60], [108, p. 272].

w(n) = w(n− 1) + q|Λ0
(n) = w0 +

n∑

i=1

q|Λ0
(i); w0 ∼ N (w0, σ

2
0I|Λ0

). (5.3)

The initial parameter w0 is normally distributed with mean w0 and uncorrelated

coefficients with variance σ2
0. Λ0 denotes the true support set of w0, i.e. the set of the

non-zero coefficients of w0. The noise term q(n) is zero outside Λ0 (qi(n) 6= 0 iff i ∈

Λ0) and zero-mean Gaussian inside Λ0 with diagonal covariance matrixR|Λ0
(n) having

diagonal elements σ2
q1
(n), . . . , σ2

qL
(n), where L is the ℓ0-norm of w0. The variances

{σ2
qi
(n)}Li=1 are in general allowed to vary with time. The stochastic processes v(n),

q(n) and the random variable w0 are mutually independent.

Another way of expressing the mathematical program (Pℓ1) is as a Maximum

Likelihood (ML) estimation problem augmented by an ℓ1-penalty, i.e.

θ̂ML = argmax
θ

{
log p(y(n); θ)− γ‖θ‖1

}
(5.4)

where θ is the unknown parameter vector. Parameter estimation is carried out by

maximizing the penalized log-likelihood, which in many cases is complex and is either

difficult or impossible to compute directly or optimize. In such cases, the Expectation-

Maximization (EM) algorithm [45, 53, 55] can be used to maximize log p(y(n); θ) −

γ‖θ‖1, without explicitly computing it. Although the EM algorithm is a framework

of iterative algorithms, the derived adaptive algorithms employ only one iteration per
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time update for computational and storage efficiency [53]. This is highly desirable in

time-varying systems, where the algorithm is expected to track system variations.

In order to apply the Expectation-Maximization algorithm we have to specify

the complete and incomplete data. The vector w(n) at time n is taken to represent

the complete data vector, whereas y(n) accounts for the incomplete data [53, p. 31-

33]. The EM algorithm iterates between estimating the conditional expectation of the

complete data given the incomplete data and a current estimate of the parameters (the

E-step), and maximizing the conditional expectation of the complete log-likelihood

minus an ℓ1-penalty (the M-step). The two steps are summarized by the following

equation:

θ̂(n) = argmax
θ

{
Ep(w(n)|y(n);θ̂(n−1))

[
log p(w(n); θ)

]
− γ‖θ‖1

}
. (5.5)

The EM algorithm aims to maximize the conditional expectation of the log-likelihood

of the complete data, log p(w(n); θ), given the incomplete data y(n) and the current

estimate of the parameters θ̂(n− 1).

The analysis starts from the prior p(w(n); θ), which we need to carefully define.

Suppose that at time n, we are given the estimate θ̂(n− 1) of the parameter vector,

which has a Gaussian distribution with mean w(n − 1) and covariance P(n − 1).

Then, at time n, we assume the following multivariate Gaussian prior on w(n):

p(w(n); θ) =
(2π)−M/2

√
detΣ(n)

exp

{
−1
2

(
w(n)− θ

)∗
Σ−1(n)

(
w(n)− θ

)}
(5.6)

where θ is the unknown parameter vector, representing the mean of the channel vector

at time n, and

Σ(n) := E
[(
w(n)− θ

)(
w(n)− θ

)∗]
= diag

(
P(n− 1) +R(n)

)
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is the diagonal covariance matrix of the complete data at time n. Now, we take the

conditional expectation of Eq. (5.6) with respect to the observed data y(n) given the

parameter estimate θ̂(n−1). This gives us the Expectation step of the EM algorithm:

E-step : Q
(
θ, θ̂(n− 1)

)
= Ep(w(n)|y(n);θ̂(n−1)) [log p(w(n); θ)] (5.7)

= −(M/2) log 2π + 1/2θ∗Σ−1(n)E[w(n)|y(n); θ̂(n− 1)] (5.8)

+ 1/2E[w∗(n)|y(n); θ̂(n− 1)]Σ−1(n)θ − 1/2θ∗Σ−1(n)θ

− 1/2Tr
[
Σ−1(n)E[w(n)w∗(n)|y(n); θ̂(n− 1)]

]
− 1/2 log(|Σ(n)|)

= constant + θ∗Σ−1(n)E[w(n)|y(n); θ̂(n− 1)]− 1

2
θ∗Σ−1(n)θ

where the constant incorporates all terms that do not involve θ and hence do not

affect the maximization. The Maximization step of the EM algorithm, described

below, calculates the maximum of the penalized Q-function

M-step : θ̂(n) = argmax
θ

{
Q
(
θ, θ̂(n− 1)

)
− γ‖θ‖1

}
(5.9)

which in turn leads to the component-wise soft thresholding function [55], given by

θ̂i(n) = sgn (ψi(n))
[
|ψi(n)| − γΣii(n)

]
+
, (5.10)

where ψ(n) := E[w(n)|y(n); θ̂(n− 1)], the signum function sgn(z) is zero only when

z = 0 in all other cases sgn(z) = z/|z| for any z ∈ C and (z)+ = max(ℜ(z), 0) +

jmax(ℑ(z), 0). This operation shrinks coefficients above the threshold in magnitude

value.

The conditional expectation of Eq. (5.7) (essentially the E-step), may be obtained

recursively using the Kalman filter, if a Gaussian prior is assumed on θ given the past

observations. The Kalman filter then determines the posterior probability density
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function for θ recursively over time. Given the following Gaussian prior:

p(w(n)|y(n− 1); θ̂(n− 1)) = N
(
θ̂(n− 1),P(n− 1) +R(n)

)
,

the conditional expectation ψ(n) = E[w(n)|y(n); θ̂(n − 1)] can be obtained by the

following recursion [85, p. 60], [108, p. 109] (see also Table 5.1):

ψ(n) = θ̂(n− 1) + k(n)ε∗(n), ψ(0) = w0 (5.11)

P(n) = P(n− 1) +R(n)− k(n)x∗(n)P(n− 1)

where k(n) is the Kalman gain defined by

k(n) =
P(n− 1)x(n)

σ2
v + x∗(n)P(n− 1)x(n)

and ε(n) denotes the prediction error given by ε(n) = y(n)−x∗(n)θ̂(n−1) and x∗(n)

denotes the complex conjugate of the vector x(n). Note that the ith diagonal entry

of the prior covariance Σ(n) is

Σii(n) = Pii(n− 1) +Rii(n).

5.3.1 EM-Kalman filter

The method outlined above is named EM-Kalman filter and is summarized in

Table 5.1. For notational clarity, we replace θ̂(n) by ŵ(n) in the resulting algorithm.

The Kalman filter computes ψ(n) under the assumption that the variances σ2
v and

{σ2
qi
(n)}Li are known. The noise variances can be estimated in various ways. One

method is to use the Maximum Likelihood estimates. These estimates can be obtained
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by maximizing the Q-function as is done in [126]

σ2
v =

1

n

n∑

t=1

‖y(t)− x∗(t)ŵ(t)‖22 (5.12)

σ2
qi
=

1

n− 1

n∑

t=2

‖ŵi(t)− ŵi(t− 1)‖22. (5.13)

Alternatively, under the assumption that the state noise covariance satisfies

R|Λ0
(n) = r(n)I,

both noise disturbances can be estimated adaptively. A smoothed estimate of the

state and observation noise can be respectively obtained according to steps 5 and

6 of Table 5.1, where α is a smoothing parameter and R(x) is the ramp function

(R(x) = x if x ≥ 0 and 0 otherwise). These two methods for online estimation of the

noise disturbances are due to Jazwinski [74].

5.3.2 EM-RLS filter

The recursive procedure for the determination of the Kalman filter in the special

case of the time-varying random walk model Eq. (5.3), resembles the RLS algorithm.

In fact, the RLS can be viewed as a special form of Table 5.1 which provides an

alternative for the estimation of the noise variances [85, p. 63].

Indeed the RLS results when the weighted prediction error

J(w) =
n∑

i=1

β(n, i)|ε(i)|2

is minimized. The weighted factor β(n, i) (with 0 ≤ β(n, i) < 1) is used to discount

data and track system changes by allowing recent data to be more heavily weighted.

A common choice of β(n, i) is the exponentially decaying function β(n, i) = λn−i.
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Table 5.1: The EM-Kalman filter.

EM-Kalman

Initialization : w0 = w̄0, P0 = δ−1I with δ =const.
For n := 1, 2, . . . do

1: k(n) =
P(n− 1)x(n)

σ2
v + x∗(n)P(n− 1)x(n)

2: ψ(n) = ŵ(n− 1) + k(n)ε∗(n)
3: P(n) = P(n− 1) + r(n)I− k(n)x∗(n)P(n− 1)
4: σ2

ε(n) = σ2
v + x∗(n)P(n− 1)x(n)

5: r(n) = αr(n− 1) + (1− α)R
(
|ε(n)|2 − σ2

ε(n)

x∗(n)x(n)

)

6: σ2
v = ασ2

v + (1− α)R
(
|ε(n)|2 − x∗(n)P(n− 1)x(n)

)

7: ŵ(n) = sgn
(
ψ(n)

)[
|ψ(n)| − γdiag

(
P(n− 1) +R(n)

)
1

]

+

end For

The signum function of a vector is the vector of the signum of its component.

The RLS filter is given by steps 1-3 of Table 5.2 [85, p. 63], with

σ2
v = λ, R(n) = (λ−1 − 1)P(n− 1). (5.14)

The complete algorithm is presented in Table 5.2.

5.3.3 Fast implementations

The RLS algorithm of Table 5.2 admits a fast realization referred to as Fast

RLS (FRLS) [32]. FRLS updates the gain with O(M) operations utilizing the low

displacement rank structure of the covariance matrix. More precisely, the Fast RLS

reduces the complexity from O(M2) to O(M). This is achieved by exploiting the

shift-invariance structure of the covariance matrix [32], [108, Ch. 38]. A similar

fast realization of the EM-Kalman algorithm can be developed due to the special
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Table 5.2: The EM-RLS filter.

EM-RLS

Initialization : w0 = 0, P0 = δ−1I with δ =const.
For n := 1, 2, . . . do

1: k(n) =
P(n− 1)x(n)

λ+ x∗(n)P(n− 1)x(n)
2: ψn = ŵ(n− 1) + k(n)ε∗(n)
3: P(n) = λ−1P(n− 1)− λ−1k(n)x∗(n)P(n− 1)
4: ŵ(n) = sgn

(
ψ(n)

)[
|ψ(n)| − γλ−1diag(P(n− 1))1

]
+

end For

structure of the state covariance matrix. This algorithm is summarized in Table 5.3.

Fast implementations tend to suffer from numerical instabilities when implemented

in finite precision. A stable version [113] introduces redundancy into the computation

of the a priori backward prediction error

ẽbM(n) = λEb(n− 1)kb(n)

êbM(n) = x(n−M) + b∗
M(n)x(n).

The rescue mechanism incorporates the evaluation of ebM(n) by a suitable combination

of both of these expressions. The difference between ẽbM(n), êbM(n) is fed back, scaled

by a certain gain τ

ebM (n) = ẽbM(n) + τ [êbM (n)− ẽbM(n)].

The tuning parameter τ is experimentally chosen to ensure numerical stability. In

addition, the value of λ, should be within the range λ ∈ (1 − 1/3M, 1 − 1/10M).

The fast implementation cannot be used directly for the models given by Eqs. (5.20)-

(5.21) below. These models require a multichannel filtering re-formulation [108, p.
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Table 5.3: EM-FRLS for sparse adaptive tracking.

Initialization : w0 = 0, kM(n) = 0, aM(0) = 0, bM (0) = 0, ā(0) = 1,
Ef(0) = λMEb(0), Eb(0) = σ2

x.
For n := 1, 2, . . . do

Forward Predictor

1: efM(n) = x(n) + a∗
M (n− 1)x(n− 1)

2: εfM(n) = efM(n)/ā(n− 1)

3: aM (n) = aM(n− 1)− kM(n− 1)εf∗M (n)

4: Ef (n) = λEf(n− 1)− εfM(n)ef∗M (n)

5: āM+1(n) = ā(n− 1) +
|efM(n)|2

λEf(n− 1)
Kalman Gain vector

6: kM+1(n) =

[
0

kM(n− 1)

]
+

efM(n)

λEf(n− 1)

[
1

aM(n− 1)

]

7: k∗
M+1(n) = [ k

⌈M⌉
M (n) kb(n) ]

8: kM(n) = k
⌈M⌉
M+1(n)− kbbM (n− 1)

Backward Predictor
9: ebM(n) = λEb(n− 1)kb(n)
10: ā(n) = āM+1(n)− kb∗(n)ebM(n)
11: εbM(n) = ebM(n)/ā(n)
12: bM(n) = bM(n− 1)− kM (n)εb∗M(n)
13: Eb(n) = λEb(n− 1)− εbM(n)eb∗M (n)

Filter update
14: en = y(n)− ŵ(n− 1)∗x(n)
15: ε(n) = e(n)/ā(n)
16: ψ(n) = ŵ(n− 1) + kM(n)ε∗(n)

Shrinkage
17: ŵ(n) = sgn

(
ψ(n)

)[
|ψ(n)| − γλ−1diag(P(n− 1))1

]
+

end For

649], [58].

5.3.4 The LMS family

For the purposes of simulations presented in the next section, we discuss the LMS

variant developed in [4]. LMS updates a convex function of the prediction error signal
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Table 5.4: The EM-LMS family.

EM-LMS

Initialization : w0 = 0, 0 < µ < 2λ−1
max

For n := 1, 2, . . . do
1a: ŵ(n) = ŵ(n− 1)− γsgnŵ(n− 1) + µx(n)ε∗(n)
Alternatively step 1a, can be executed as follows

1b: ŵ(n) = ŵ(n− 1)− γ sgnŵ(n− 1)

1 + ǫ|ŵ(n− 1)| + µx(n)ε∗(n)

end For

ε(n) plus an ℓ1-penalty

J(w(n)) =
1

2
|ε(n)|2 + γ

′‖w(n)‖1 =
1

2
|y(n)− x∗(n)w(n)|2 + γ

′‖w(n)‖1 (5.15)

The regularized cost function of Eq. (5.15) consists of two parts, the instantaneous

squared error (of the standard LMS filter) and the ℓ1 -penalty which has the potential

of finding sparse estimates. At each time step the parameter vector is updated using

a gradient-descent algorithm that minimizes J(w(n)). The update equation which

minimizes Eq. (5.15) is given in step 1a of Table 5.4. The step-size µ controls the

rate of convergence of the algorithm to the optimum solution and γ = µγ
′

[36].

Note the the normalized variant of the above algorithm is a special case of the

EM-Kalman filter [85, p. 64] of Table 5.1 by setting:

P0 = µI, σ2
v = 1, k(n) =

µx(n)

1 + µ|x(n)| , R(n) = µx(n)k∗(n). (5.16)

Motivated by [31], the authors in [36] replace the ℓ1-norm penalty by the log-sum

penalty function. Hence, the new cost function becomes

J(w(n)) =
1

2
|ε(n)|2 + γ

′

M∑

i=1

log(1 + |wi(n)|/ǫ
′

). (5.17)
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Then, the resulting update equation for this cost function becomes step 1b of Table

5.4, with γ = µγ
′

/ǫ
′

and ǫ = 1/ǫ
′

. As a rule of thumb ǫ should be set slightly smaller

than the expected non-zero magnitudes of w(n) [31]. The log-sum penalty function

has the potential of being more-sparsity encouraging since it better approximates the

non-convex ℓ0-norm [31]. However computational complexity increases due to the

computation of the logarithm at each step.

5.3.5 The re-weighted EM-Kalman filter

The key difference between the ℓ0 minimization and (Pℓ1) is that the ℓ1-norm

penalty depends on the magnitudes of the non-zero components of the parameter

vector, whereas the ℓ0-norm penalty does not. As a result, the larger a component

of the estimate vector is, the heavier it is penalized by the ℓ1 penalty. Motivated by

the work in [31] to overcome this unfair penalization, we derive a re-weighted version

of the EM-Kalman filter, in which at each iteration the following cost function is

maximized:

θ̂(n) = argmax
θ

{
Ep(w(n)|y(n−1);θ̂(n−1))

[
log p(w(n); θ)

]
− γ‖W(n)θ‖1

}
(5.18)

where W(n) is a diagonal weighing matrix with positive diagonal elements w1(n),. . .,

wM(n). The diagonal elements of W(n) must be chosen such that they put lower

(higher) weight on the smaller (larger) components of the estimate vector. This

mechanism yields a better approximation to the ℓ0 quasi-norm penalization, and thus

reduces the estimate bias.

One way to adjust the weighting matrix is to run an adaptation algorithm in

parallel to the E-step for supplying the required weights [7]. However, this consider-



Chapter 5: Adaptive Algorithms for Sparse System Identification 105

ably increases the computational complexity of the underlying adaptive algorithm. A

widely used choice for the diagonal elements of the matrix is wi(n) = 1/(1+ǫ|ψi(n)|),

for i = 1, 2, · · · ,M , where ǫ > 0 is a stability parameter [31]. For this particular

choice of the weighting matrix, the re-weighted ℓ1-norm is identical to the log-sum

penalty [31] and thus the M-step of Eq. (5.18) leads to the weighted soft-threholding

function given by

θ̂i(n) = sgn (ψi(n))

[
|ψi(n)| −

γΣ̂ii(n)

1 + ǫ|ψi(n)|

]

+

. (5.19)

5.3.6 Low complexity implementation of the sparse adaptive

algorithms

It must be noted that due to the nature of the soft-thresholding step, the estimate

ŵ(n) has many zero entries. This will allow to implement the EM-Kalman, EM-RLS

and EM-FRLS algorithms in a low complexity fashion similar to the approach taken

in [12]. The idea is to restrict the matrix operations to the instantaneous support of

the estimate ŵ(n).

5.4 Application to nonlinear channel estimation

In what follows, power amplifier nonlinear models are incorporated into the study

of two important channels: 1) the satellite link, and 2) the multi-path wireless channel.

In both cases, the overall communication channel is represented by baseband time-

varying Volterra series.
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A finite order passband Volterra system has the form

y(i) =
P∑

p=1

Mp∑

τ1=0

· · ·
Mp∑

τp=0

hp(i, τ1, . . . , τp)

p∏

j=1

x(i− τj) + v(i) (5.20)

where hp(.) is the Volterra kernel of order p. The disturbance v(i) is assumed to be

white Gaussian noise. P is the highest order of nonlinearity while Mp is the p
th order

system memory. The Volterra model becomes linear when P = 1, quadratic when

P = 2 and cubic when P = 3. In bandlimited communications only odd products of

the input are considered [21, p. 735]. In such cases only spectral components inside

the frequency band of interest are maintained and the baseband Volterra model [21, p.

734] is used

y(i) =

⌊P−1
2

⌋∑

p=0

M2p+1∑

τ1=0

· · ·
M2p+1∑

τ2p+1=0

h2p+1(i, τ1:2p+1)

p+1∏

j=1

x(i− τj)
2p+1∏

k=p+2

x∗(i− τk) + v(i)

(5.21)

where h2p+1(i, τ1:2p+1) denotes the baseband kernel with τ1:2p+1 = [τ1, . . . , τ2p+1].

The above equations can be written in the linear regression form of Eq. (5.1)

using the Kronecker product notation. Indeed consider the baseband case, let

xM2p+1(i) = [x(i), x(i− 1), · · · , x(i−M2p+1)]
T

then x(i) is given by the i-fold Kronecker product

x
(p+1,p)
M2p+1

(i) = [⊗p+1
j=1xM2p+1(i)]⊗ [⊗p

k=1x
∗
M2p+1

(i)].

The Kronecker product contains all 2p + 1 order products of the input with p con-

jugated p + 1 unconjugated copies. Likewise w(i) =
[
w1(i, ·), · · · ,w2p+1(i, ·)

]T
is

obtained by treating the (2p+ 1)-dimensional kernel as a M2p+1
2p+1 column vector. The
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Figure 5.1: Digital satellite link

passband case can be treated in a similar fashion. The regressor vector is now given

by

xT (i) =
[
xT
M1

(i) · · ·x(p+1,p)T
M2p+1

(i)
]
. (5.22)

Since the vector w(i) is sparse, by collecting successive samples , recovery of the

unknown Volterra kernels can be accomplished by compressed sensing methods. Re-

covery of the locations, the magnitudes and the Volterra kernels can be accompanied

by the convex program (Pℓ1).

5.4.1 Volterra representation for satellite links

In satellite digital transmission, both the earth station and the satellite repeater

employ power amplifiers. The satellite amplifier operates near saturation due to

limited power resources and hence behaves in a nonlinear fashion. The satellite link

is composed by a power amplifier sandwiched between two linear filters with impulse

responses g1 and g2, Fig. 5.1. The LTI filter with impulse response g1 describes the

cascade of all linear operations preceding the power amplifier. Likewise the LTI filter

g2 represents the cascade of all linear devices following the nonlinearity.

An analysis of the above system for static power amplifiers is provided by Benedetto

and Biglieri [21, p. 735]. Let us next consider power amplifiers with memory described
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by Volterra models. To reduce the computational complexity we shall follow standard

practice [71, 80] and confine our study to diagonal Volterra models2 given by

w(t) =

⌊P−1
2

⌋∑

p=0

∫
k2p+1(µ)|z(t− µ)|2pz(t − µ)dµ (5.23)

Note that only odd products of the input appear in (5.23), as a consequence of the

bandpass property of the nonlinearity [21, p. 735]. Let us now combine the effects of

the linear filters

z(t) =

∫
g1(σ)x(t− σ)dσ, r(t) =

∫
g2(ρ)x(t− ρ)dρ (5.24)

Straightforward calculations lead to the baseband Volterra model

r(t) =

⌊P−1
2

⌋∑

p=0

∫
· · ·
∫
h2p+1(τ1:2p+1) (5.25)

×
p+1∏

i=1

x(t− τi)
2p+1∏

j=p+2

x∗(t− τj)dτ1:2p+1.

The baseband kernel h2p+1(τ1:2p+1) is given by

h2p+1(τ1:2p+1) =

∫
g2(ρ)

∫
k2p+1(µ)

p+1∏

i=1

g1(τi − µ− ρ)
2p+1∏

j=p+2

g∗1(τi − µ− ρ)dµdρ

The Volterra kernels are expressed in the frequency domain as follows:

H2p+1(ω1:2p+1) = G2

(
p∑

l1=0

ω2l1+1

)
K2p+1

(
p∑

l2=0

ω2l2+1

)
p+1∏

i=1

G1(ωi)

2p+1∏

j=p+2

G∗
1(ωj)

In most cases the filter g1 performs a specific functionality (for instance pulse

shaping) and hence is known. Since we shall deal with channel estimation using

known inputs, we may with no loss of generality assume the input signal is the

2The analysis of general (non-diagonal) Volterra models is similar.
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output of g1. In this case the Volterra representation from signal x(t) to signal r(t)

gets simpler. More precisely we have

r(t) =

⌊P−1
2

⌋∑

p=0

∫
h2p+1(τ1)|x(t− τ1)|2px(t− τ1)dτ1. (5.26)

where

h2p+1(τ1) = h2p+1(τ1:2p+1)δ(τ1 − τ3) · · · δ(τ1 − τ2p+1) =

∫
g2(ρ)k2p+1(τ1 − ρ)dρ

(5.27)

In the frequency domain the Volterra kernels take the form

H2p+1(ω2p+1) = G2(ω2p+1)K2p+1(ω2p+1) (5.28)

5.4.2 Multipath channels

In this subsection, fading channels characterized by multipath effects are consid-

ered. We shall assume that the modulated signal is amplified by a power amplifier

with memory and then transmitted through the wireless medium. The received wave-

form is the superposition of weighted and delayed versions of the signal resulting from

various multipaths plus additive white Gaussian noise.

We shall assume that the different nonzero fading rays arrive at the receiver at

different time instances and they vary slowly with time and frequency. Thus the

wireless channel becomes a frequency selective channel [16], that is, a Linear Time

Invariant system with impulse response

g2(ρ) =

Npath∑

i=1

aiδ(ρ− τi) (5.29)
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where Npath is the number of paths, ai is the attenuation along path i and τi is the

clustered delay. If we substitute Eq. (5.29) into (5.27) we obtain

h2p+1(τ) =

Npath∑

i=1

aik2p+1(τ − τi) (5.30)

The kernels in the frequency domain become

H2p+1(ω2p+1) = K2p+1(ω2p+1)

Npath∑

i=1

aie
−jω2p+1τi .

5.4.3 Sparse Volterra channel representation

The transmission systems described in the previous subsections 5.4.1 and 5.4.2

operate in continuous time. Discrete Volterra forms result when the modulation at

the transmitter and the sampling device at the receiver are taken into account. We

shall consider memoryless modulation schemes whereby

x(t) =
∑

i

siδ(t− iTs). (5.31)

The sequence si consists of i.i.d (discrete) complex valued random variables and Ts

denotes the symbol period. Substituting x(t) from Eq. (5.31) into (5.25) yields a

Volterra description of both channels, given by Eq. (5.21). The resulting Volterra

kernels are sparse. Indeed, it is well documented in the literature that parsimonious

models are highly desirable in the representation of memory PA. In fact it has been

experimentally observed [80] that sparse diagonal Volterra models for PA provide

enhanced performance in comparison to the full model. The convolutional form of

Eq. (5.30) indicates that the sparsity of the 2p+1 kernel is at most sk×sm, where sk

is the sparsity of the PA and sm is the sparsity of the multipath coefficients. Similar

observations hold for the satellite channel.
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Table 5.5: Choice of parameters for computer experiments

Exp. FRLS (ℓ1, w − ℓ1) KF(ℓ1, w − ℓ1) LMS (ℓ1, log ) RLS (ℓ1)

5.11 3× 10−4,2× 10−3 – 3× 10−4,7× 10−4 –

5.22 – – 3× 10−4,1× 10−3 5× 10−4

5.33 – 7× 10−3,2× 10−3 4× 10−4,2× 10−3 6× 10−4

5.5 Simulations

In this section we evaluate the performance of the proposed algorithms given

in section 5.3 through computer simulations. Experiments were conducted on both

linear and nonlinear channel setups.

In all experiments the output sequence is disturbed by additive white Gaussian

noise, with a Signal to Noise Ratio (SNR) of SNR = 10dB. SNR is the ratio of the

coefficient vector power to the noise power corrupting the output signal (E[‖ŵ‖22]/σ2
v

). The Normalized Mean Square Error, defined as

NMSE = 10 log10
(
E[‖ŵ −w‖22]/E[‖w‖22]

)
,

was used to assess performance. The choice of the parameters λ, γ that were used to

compare performance of the sparse algorithms for each experiment are summarized

in Tables 5.5.

5.5.1 Tracking a Rayleigh fading sparse channel

In this experiment we compare the performance of the three computationally

lighter algorithms, i.e. the EM-FRLS, the wEM-FRLS and the sparse LMS filter on

a linear channel. We consider a wireless channel with three Rayleigh fading rays; all
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rays are assumed to fade at the same Doppler frequency of fD = 10Hz [108, p. 325-

326]. The channel impulse response sequence consists of four non-zero Rayleigh fading

rays at positions 4, 10, 16 and 24. In other words, we are assuming a channel length

of M = 30 taps with only four active Rayleigh fading rays. The auto-correlation

function of the non-zero channel taps is modeled as a zeroth-order Bessel function

r(τ) = J0(2πfDTs)

where Ts is the sampling period and fD is the maximum Doppler frequency of the

Rayleigh fading channel.

All input symbols are drawn from a BPSK constellation. Figs. 5.2(a) and 5.2(b)

show the NMSE learning curve for various adaptive filters, which result from averaging

over 20 independent computer runs. As it is readily apparent from the figures, EM-

FRLS and the re-weighted EM-FRLS (wEM-FRLS) achieve a performance gain of

around 4dB and 8dB respectively, over the conventional FRLS algorithm. Moreover,

the convergence rate and the performance of the FRLS family is better than the LMS

family.

To demonstrate the support tracking performance of the proposed algorithms,

after 600 iterations we set the second and third non-zero fading ray to zero while a

new fading ray appears at position 11. We note from Figs. 5.2(a) and 5.2(b), that

the conventional algorithms have a slower support tracking behavior than the sparse

variants.
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Figure 5.2: NMSE between the EM-FRLS, wEM-FRLS and sparse LMS for linear
system identification (support change occurs at n = 600)

5.5.2 Estimation of a sparse baseband Volterra channel

In the second channel set up a third-order baseband Volterra model is considered.

It is given by

y(n) = (0.4968− j0.6707)x(n− 3) + (1.3336 + j0.9303)x(n− 5)

+ (1.2745 + j0.2965)x2(n− 1)x∗(n− 4)− (0.4794 + j1.3298)x2(n− 5)x∗(n− 1).

The above channel is excited by an OFDM signal, which can be approximated by a

zero-mean, stationary complex normal random process, CN (0, 1/4). This approxima-

tion relies on the Central Limit Theorem and the fact that an OFDM signal consists

of a sum of a large number of independent, identically distributed signals [15, p. 70-

71]. The memory of the linear and cubic part is M1 = M3 = 7. The algorithms

were run for 10 Monte carlo runs and the performance of the sparse algorithms is

illustrated in Fig. 5.3. The EM-RLS algorithms introduces a performance gain of

8dB over the conventional RLS. Fig. 5.3 illustrates that the LMS family has very
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Figure 5.3: NMSE between two sparse algorithms on a cubic baseband Volterra

slow convergence.

5.5.3 Tracking a Rayleigh fading sparse Hammerstein chan-

nel

In this experiment the multipath channel setup of Eq. (5.26) is considered. This

model is usually encountered in GSM applications. The base station (BSS) commu-

nicates with the mobile terminal through the wireless channel. A nonlinear power

amplifier at the BSS amplifies the transmitted signal so that it reaches the remote

terminal.

The wireless channel taps for the linear and cubic part were generated by sparse

Rayleigh fading rays [108, p. 325-326]. All rays are assumed to fade at the same

Doppler frequency of fD = 80Hz with sampling period Ts = 0.8µs. The linear and

the cubic part have equal memory size M1 =M3 = 50 and the support signal consists

of 2 randomly selected elements for each part. The input signal is drawn from a
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Figure 5.4: NMSE between the three sparse algorithms on a multipath Hammerstein
channel.

complex Gaussian distribution CN (0, 1/4). We observe in Fig. 5.4 that the EM-

Kalman, re-weighted EM-Kalman (wEM-Kalman) and EM-RLS algorithms provide

gains of 7dB, 12dB and 4dB respectively, over the corresponding conventional non-

sparse algorithms. Moreover, the proposed algorithms perform almost similar NMSE

performance with the LMS family but the convergence speed is significantly faster.



Chapter 6

An Adaptive Greedy Algorithm for

Estimation of Sparse Signals

6.1 Introduction

Many signal processing applications [16,79,109] require adaptive estimation with

minimal complexity and small memory requirements. Existing approaches to sparse

adaptive estimation, such as those discussed in Chapters 4 and 5, use the ℓ1-minimization

technique in order to improve the performance of conventional algorithms.

As mentioned in Chapter 1, two major algorithmic approaches to compressive

sensing are ℓ1-minimization (basis pursuit) and greedy algorithms (matching pursuit).

Basis pursuit methods solve a convex minimization problem, which replaces the ℓ0

quasi-norm by the ℓ1 norm. The convex minimization problem can be solved using

linear programming methods, and is thus executed in polynomial time [35]. Greedy

algorithms, on the other hand, iteratively compute the support set of the signal and

116
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construct an approximation to it, until a halting condition is met [41,44,50,95,96,100].

Both of the above approaches pose their own advantages and disadvantages. ℓ1-

minimization methods provide theoretical performance guarantees, but they lack the

speed of greedy techniques. Recently developed greedy algorithms, such as those

developed in [41, 95, 96], deliver some of the same guarantee as ℓ1-minimization ap-

proaches with less computational cost and storage.

In contrast to the algorithms developed in Chapters 4 and 5 on adaptive sparse

identification, this chapter focuses on the greedy viewpoint. Greedy algorithms in

their ordinary mode of operation, have an inherent batch mode, and hence are not

suitable for time-varying environments. We establish a conversion procedure that

turns greedy algorithms into adaptive schemes for sparse system identification [92,93].

In particular, a Sparse Adaptive Orthogonal Matching Pursuit (SpAdOMP) algorithm

of linear complexity is developed, based on existing greedy algorithms [41, 95], that

provide optimal performance guarantees. Also, the steady-state Mean Square Error

(MSE) of the SpAdOMP algorithm is studied analytically. The developed algorithm

is used to estimate ARMA and Nonlinear ARMA channels. It is shown that channel

inversion for these channels, maintains sparsity and that it is equivalent to channel

estimation. Computer simulations reveal that the proposed algorithm outperforms

most existing adaptive algorithms for sparse channel estimation.

The chapter is structured as follows. The problem formulation and literature

review are addressed in section 6.2. Section 6.3 describes the established algorithm,

the steady-state error analysis and applications to nonlinear communication channels.

Computer simulations are presented in section 6.4.
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6.2 Greedy methods and the CoSaMP algorithm

Consider the noisy representation of a vector y(n) = [y1, · · · , yn]T in terms of a

basis arranged in the columns of a matrix Φ(n) at time n

y(n) = Φ(n)c+ η(n) (6.1)

where c is the parameter vector, Φ(n) = [φ(1), . . . ,φ(n)]T and η(n) = [η1, . . . , ηn]
T

is the additive noise. The measurement matrix Φ(n) ∈ Cn×N is often referred to as

dictionary and the parameter vector c is assumed to be sparse, i.e., ‖c‖0 ≪ N , where

‖ · ‖0 = |supp(·)| is the ℓ0 quasi-norm. We will call the parameter vector s-sparse

when it contains at most s non-zero entries.

Remark. Recall that in Chapter 4, we used the notation X(n) and w(n) for

the measurement matrix and the parameter vector, respectively. Here, we adopt the

notation of Φ(n) and c(n) instead, to be consistent with the notation used in the

CoSaMP and Subspace Pursuit algorithms, for the clarity of presentation.

Recovery of the unknown parameter vector c can be pursued by finding the spars-

est estimate of c which satisfies the ℓ2 norm error tolerance δ

min
c
‖c‖0 subject to ‖y(n)−Φ(n)c‖2 ≤ δ. (Pℓ0)

Convex relaxation methods cope with the intractability of the above formulation

by approximating the ℓ0 quasi-norm by the convex ℓ1 norm. The set of resulting

techniques is referred to as ℓ1-minimization. The ℓ2 constraint can be interpreted

as a noise removal mechanism when δ ≥ ‖η(n)‖2. The ℓ1-minimization approach is

a convex optimization problem and can be solved by linear programming methods

[29, 35], projected gradient methods [56] and iterative thresholding [43].
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Table 6.1: SpAdOMP Algorithm

Algorithm description Complexity

c(0) = 0,w(0) = 0,p(0) = 0 {Initiliazation}
v(0) = y(0) {Initial residual}
0 < λ ≤ 1 {Forgetting factor}
0 < µ < 2λ−1

max {Step size}
For n := 1, 2, . . . do

1: p(n) = λp(n− 1) + φ∗(n− 1)v(n− 1) {Form signal proxy} N

2: Ω = supp(p2s(n)) {Identify large components} N

3: Λ = Ω ∪ supp(c(n− 1)) {Merge supports} s

4: ε(n) = y(n)− φT
|Λ(n)w|Λ(n− 1) {Prediction error} s

5: w|Λ(n) = w|Λ(n− 1) + µφ∗
|Λ(n)ε(n) {LMS iteration} s

6: Λs = max(|w|Λ(n)|, s) {Obtain the pruned support} s

7: c|Λs
(n) = w|Λs

(n), c|Λc
s
(n) = 0 {Prune the LMS estimates}

8: v(n) = y(n)− φT (n)c(n) {Update error residual} s

end For O(N)

The exact conditions for retrieving the sparse vector rely either on the coherence of

the measurement matrix [118] or on the Restricted Isometry Property (RIP) [29]. A

measurement matrix Φ(n) satisfies the Restricted Isometry Property for δs(n) ∈ (0, 1)

if we have

(
1− δs(n)

)
‖c‖22 ≤ ‖Φ(n)c‖22 ≤

(
1 + δs(n)

)
‖c‖22 (6.2)

for all s-sparse c. When δs(n) is small, the restricted isometry property implies that

the set of columns of Φ(n) approximately form an orthonormal system.
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6.2.1 The CoSaMP greedy algorithm

Greedy algorithms provide an alternative approach to ℓ1-minimization. For the re-

covery of a sparse signal in the presence of noise, greedy algorithms iteratively improve

the current estimate for the parameter vector c by modifying one or more parameters

until a halting condition is met. The basic principle behind greedy algorithms is to

iteratively find the support set of the sparse vector and reconstruct the signal using

the restricted support Least Squares (LS) estimate. The computational complexity

of these algorithms depends on the number of iterations required to find the correct

support set. One of the earliest algorithms proposed for sparse signal recovery is the

Orthogonal Matching Pursuit (OMP) [44,100,118]. At each iteration, OMP finds the

column of Φ(n) most correlated with the residual, v(n) = y(n) − Φ(n)ĉ, using the

proxy signal p(n) = Φ∗(n)v(n) (where A∗(n) denotes the conjugate transpose of the

matrix A(n) ∈ Cn×N), and adds it to the support set. Then, it solves the following

least squares problem:

ĉ = argmin
z
‖y(n)−Φ(n)z‖2

and finally updates the residual by removing the contribution of the latter column. By

repeating this procedure a total of s times, the support set of c is recovered. Although

OMP is quite fast, it is unknown whether it succeeds on noisy measurements.

An alternative algorithm, called Stagewise OMP (StOMP), was proposed in [50].

Unlike OMP, it selects all components of the proxy signal whose values are above a

certain threshold. Due to the multiple selection step, StOMP achieves better runtime

than OMP. Parameter tuning in StOMP might be difficult and there are rigorous

asymptotic results available.
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A more sophisticated algorithm has been recently developed by Needell and Ver-

shynin, and it is known as Regularized OMP (ROMP) [96]. ROMP chooses the s

largest components of the proxy signal, followed by a regularization step, to ensure

that not too many incorrect components are selected. For a measurement matrix

Φ(n) with RIP constant δ2s = 0.03/
√
log s, ROMP provides uniform and stable re-

covery results. The recovery bounds obtained in [96] are optimal up to a logarithmic

factor. Tighter recovery bounds which avoid the presence of the logarithmic factor

are obtained by Needell and Tropp via the Compressed Sampling Matching Pursuit

algorithm (CoSaMP) [95]. CoSaMP provides tighter recovery bounds than ROMP

optimal up to a constant factor (which is a function of the RIP constants). An algo-

rithm similar to the CoSaMP, was presented by Dai and Milenkovic and is known as

Subspace Pursuit (SP) [41].

As with most greedy algorithms, CoSaMP takes advantage of the measurement

matrix Φ(n) which is approximately orthonormal (Φ∗(n)Φ(n) is close to the iden-

tity). Hence, the largest components of the signal proxy p(n) = Φ∗(n)Φ(n)c is most

likely to correspond to the non-zero entries of c. Next, the algorithm adds the largest

components of the signal proxy to the running support set and performs least squares

to get an estimate for the signal. Finally, it prunes the least square estimation and up-

dates the error residual. The main ingredients of the CoSaMP algorithm are outlined

below:

1. Identification of the largest 2s components of the proxy signal

2. Support Merger, which forms the union of the set of newly identified components

with the set of indices corresponding to the s largest components of the least
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square estimate obtained in the previous iteration

3. Estimation via least squares on the merged set of components

4. Pruning, which restricts the LS estimate to its s largest components

5. Sample update, which updates the error residual.

The above steps are repeated until a halting criterion is met. The main difference

between CoSaMP and SP is in the identification step where the SP algorithm chooses

the s largest components.

In a time-varying environment, the estimates must be updated adaptively to take

into consideration system variations. In such cases, the use of existing greedy algo-

rithms on a measurement block requires that the system remain constant within that

block. Moreover, the cost of repetitively applying a greedy algorithm after a new block

arrives becomes enormous. Adaptive algorithms, on the other hand, allow online op-

eration. Therefore, our primary goal is to convert existing greedy algorithms into an

adaptive mode, while maintaining their superior performance gains. We demonstrate

below that the conversion is feasible with linear complexity. We focus our analysis

on CoSaMP/SP due to their superior performance, but similar ideas are applicable

to other greedy algorithms as well.
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6.3 Sparse Adaptive Orthogonal Matching Pur-

suit Algorithm

This section starts by converting CoSaMP and SP algorithms [41, 95] into an

adaptive scheme. The derived algorithm is then used to estimate sparse Nonlinear

ARMA channels.

The proposed algorithm relies on three modifications to the CoSaMP/SP struc-

ture: the proxy identification, estimation and error residual update. The error resid-

ual is now evaluated by

v(n) = y(n)− φT (n)c(n). (6.3)

The above formula involves the current sample only, in contrast to the CoSaMP/SP

scheme which requires all the previous samples. Eq. (6.3) requires s complex mul-

tiplications, whereas the cost of the sample update in the CoSaMP/SP is sn multi-

plications. A new proxy signal that is more suitable for the adaptive mode, can be

defined as:

p(n) =

n−1∑

i=1

λn−1−iφ∗(i)v(i)

and is updated by

p(n) = λp(n− 1) + φ∗(n− 1)v(n− 1)

where the forgetting factor λ ∈ (0, 1] is incorporated in order to give less weight in

the past and more weight to recent data. This way the derived algorithm is capable

of capturing variations on the support set of the parameter vector c. In the case of
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a time-invariant environment, λ should be set to 1. The addition of the forgetting

factor mechanism requires redefining the Restricted Isometry Property as follows:

Definition 6.3.1. A measurement matrix Φ(n) satisfies the Exponentially-weighted

Restricted Isometry Property (ERIP) for λ ∈ (0, 1] and δs(λ, n) ∈ (0, 1), if we have

(
1− δs(λ, n)

)
‖c‖22 ≤ ‖D1/2(n)Φ(n)c‖22 ≤

(
1 + δs(λ, n)

)
‖c‖22 (6.4)

where D(n) := diag(1, λ, · · · , λn−1).

The last modification attacks the estimation step. The estimate w(n) is updated

by standard adaptive algorithms such as the LMS and RLS [65]. LMS is one of

the most widely used algorithm in adaptive filtering due to its simplicity, robustness

and low complexity. On the other hand, the RLS algorithm is an order of magnitude

costlier but significantly improves the convergence speed of LMS. The LMS algorithm

replaces the exact signal statistics by approximations, whereas RLS updates the in-

verse covariance matrix. The update rule for RLS cannot be directly restricted to

the index support set Λ. Hence, a more sophisticated mechanism is required like the

one proposed in [12]. For reasons of simplicity and complexity we focus on the LMS

algorithm. At each iteration the current regressor φ(n) and the previous estimate

w(n − 1) are restricted to the instantaneous support originated from the support

merging step.

The resulting algorithm, namely the Sparse Adaptive Orthogonal Matching Pur-

suit (SpAdOMP), is presented in Table 6.1. Note that φ|Λ and w|Λ denote the sub-

vectors corresponding to the index set Λ, max(|a|, s) returns s indices of the largest

elements of a and Λc represents the complement of set Λ. An important point to note
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about step 5 of Table 6.1 is that, although it is simple to implement, it is difficult to

choose the step-size parameter µ which assures convergence. The Normalized LMS

(NLMS) update addresses this issue by scaling with the input power

w|Λ(n) = w|Λ(n− 1) +
µ

ǫ+ ‖φ|Λ(n)‖2
φ∗

|Λ(n)ε(n)

where 0 < µ < 2 and ǫ is a small positive constant (to avoid division by small numbers

for stability purposes). NLMS may be viewed as an LMS with time-varying step-size.

This observation justifies the superior tracking ability of NLMS with respect to LMS

in non-stationary environments.

6.3.1 Compressed Sensing Matrices satisfying the ERIP

As discussed earlier in Chapter 3, one can use the methodology of [63] to establish

the ERIP for measurement matrices with Toeplitz structure. For instance, consider

the i.i.d. Gaussian input sequences, where φi(n) is distributed according to N (0, ν2).

Then, the matrix Φ(n) has a random Toeplitz structure. As shown in Chapter 3, if

nλν
2 = 1, with nλ = 1−λn+1

1−λ
, and n large enough so that nλ ≈ 1

1−λ
, the eigen-values

of ΨΛ(n) := Φ∗T
Λ (n)D(n)ΦΛ(n) with |Λ| = L, lie in the interval [1 − δ, 1 + δ] with

probability exceeding

1− 3N2 exp

(
− nλδ

2

54s2

)
. (6.5)

In particular, for any c < δ2

54
, by choosing

λ ≥ 1− δ2 − 54c

162s2 logN

the exponent in the above expression goes to 0 at a polynomial rate. This analysis

can be extended to other classes on input sequences, such as bounded i.i.d. random
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sequences [63]. Studying the singular value distribution of exponentially weighted

random matrices is in general a hard problem. One such result is discussed in Chapter

3: if the n × N matrix Φ(n) has i.i.d. elements from a random Gaussian vector

process distributed according to N (0, ν2) in the limit of N → ∞ and λ → 1, with

β := s/N < 1 and Q := 1/(s(1−λ)) fixed, and n→∞, the eigenvalues of the matrix

(1− λ)ΨΛ(n) (denoted as x) are distributed according to the density

ρ(x) =
Qv

π
(6.6)

where v is the solution to the non-algebraic equation

x

σ2
φ

− vx

tan(vx)
+ log(vσ2

φ)− log sin(vx)− 1

Q
= 0. (6.7)

Numerical results in [98] show that the density ρ(x) is very similar to the Marchenko-

Pastur law, corresponding to the eigen-value distribution of Wishart ensembles. The

above example reveals that there is a close connection between the RIP and ERIP

conditions (by interpreting 1/ log(1/λ) as the effective row dimension [98]). The

RIP constant of Gaussian measurement matrices has been extensively studied by

Blanchard et al. [22]. The above parallelism suggests that one might be able to

extend such results regarding the RIP of random measurement matrices to those

satisfying ERIP. However, study of the non-asymptotic properties of the eigen-value

distribution of exponentially weighted matrices seems to offer more difficulty than

their non-weighted counterparts.
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6.3.2 Steady-State MSE of SpAdOMP

The following Theorem establishes the steady-state MSE performance of the

SpAdOMP algorithm:

Theorem 6.3.2. (SpAdOMP). Suppose that the input sequence φ(n) is stationary,

i.e., its covariance matrix R(n) := E{φ(n)φ∗T (n)} = R is independent of n. More-

over, assume that R is non-singular. Finally, suppose that for n large enough, the

ERIP constants δs(λ, n), δ2s(λ, n), · · · , δ4s(λ, n) exist. Then, the SpAdOMP algo-

rithm, for large n, produces a s-sparse approximation c(n) to the parameter vector c

that satisfies the following steady-state bound:

ǫ1(n) := ‖c− c(n)‖2 (6.8)

. C1(n)
∥∥D1/2(n)η(n)

∥∥
2
+ C2(n)

∥∥φ|Λ(n)(n)
∥∥
2
|eo(n)|

where eo(n) is the estimation error of the optimum Wiener filter, and C1(n) and C2(n)

are constants independent of c (which are explicitly given in the Appendix) and are

functions of λM > 0 (the minimum eigenvalue of R), the ERIP constants δs(λ, n),

δ2s(λ, n), · · · , δ4s(λ, n) and the step size µ. The approximation in the above inequality

is in the sense of the Direct-averaging technique [65] employed in simplifying the LMS

iteration.

The proof is supplied in the Appendix. The above bound can be further simplified

if one considers the normalization ‖φ(n)‖22 = 1 for all n. Such a normalization is

implicitly assumed for the above example on the i.i.d. Gaussian measurement matrix

as n,N → ∞ with σ2
φ = 1/N . In this case,

∥∥φ|Λ(n)(n)
∥∥
2
≤ 1 and thus the second

term of the error bound simplifies to C2(n)|eo(n)|. Note that for large values of n,
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the isometry constants can be controlled. As shown in the example above, for a

suitably random input sequence (e.g., i.i.d. Gaussian input) and for n large enough,

the restricted isometry constants can be sufficiently small. For example, if for n large

enough, δ4s(λ, n) ≤ 0.01 and µλM = 0.75, then C1(n) ≈ 38.6 and C2(n) ≈ 7.7. The

corresponding coefficient for the CoSaMP algorithm will be C1(n) ≈ 6.1. Hence,

the parameters C1(n) and C2(n) can be well controlled by feeding enough number of

measurements to the SpAdOMP algorithm.

The first term on the right hand side of the Eq. (6.8) is analogous to the steady-

state error of the CoSaMP/SP algorithm, corresponding to a batch of data of size

n. The second term is the steady-state error induced by performing a single LMS

iteration, instead of using the LS estimate. This error term does not exist in the er-

ror expression of the CoSaMP/SP algorithm. However, this excess MSE error can be

compromised by the significant complexity reduction incurred by removing the LS es-

timate stage. Note that the promising support tracking behavior of the CoSaMP/SP

algorithm is inherited by the LMS iteration, where only the sub-vector of φ(n) cor-

responding to Λ(n) and w|Λ(n) participate in the LMS iteration, and hence the error

term. In other words, the SpAdOMP enjoys the low complexity virtue of LMS, as

well as the support detection superiority of the CoSaMP/SP. Indeed, this observation

is evident in the simulation results, where the MSE curve of SpAdOMP is shifted

from that of LMS towards that of the genie-aided LS estimate (See Section IV).
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6.3.3 Sparse NARMA identification

The nonlinear model that we will be concerned with, constitutes a generalization

of the class of linear ARMA models [76] and is known as Nonlinear AutoRegressive

Moving Average (NARMA) [34]. The output of NARMA models depends on past

and present values of the input as well as the output

yi = f(yi−1, . . . , yi−My
, xi, . . . , xi−Mx

) + ηi (6.9)

where yi, xi and ηi are the system output, input and noise, respectively; My, Mx

denote the output and input memory orders; ηi is Gaussian and independent of xi; and

f(·) is a sparse polynomial function in several variables with degree of nonlinearity p.

Known linearization criteria [76] provide sufficient conditions for the Bounded Input

Bounded Output stability of (6.9).

Using Kronecker products, we write Eq. (6.9) as a linear regression model

yi = φ
T (i)c+ ηi (6.10)

where

φT (i) =

[
φT

y (i) φT
x (i) φT

yx(i)

]

yi =
[
yi−1, · · · , yi−My

]T
and xi = [xi, · · · , xi−Mx

]T . Consider the pth order Kronecker

powers y
(p)
i = y⊗p

i and x
(p)
i = x⊗p

i . Then, the output and input regressor vectors

are respectively given by φT
y (i) = [y

(1)
i , · · · ,y(p)

i ] and φT
x (i) = [x

(1)
i , · · · ,x(p)

i ]. φT
yx(i)

denotes all possible Kronecker product combinations of yi and xi of degree up to

p. The components of c = [ cTy cTx cTyx]
T correspond to the coefficients of the
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polynomial f(·). Hence, if we collect n successive observations, recovery of the sparsest

parameter vector can be accomplished by solving the mathematical program (Pℓ0).

It must be noted that in NARMA models, the input sequence is non-linearly

related to the measurement matrix Φ(n) through the multi-fold Kronecker product

procedure. Thus, the effective measurement matrix generated by an i.i.d. input se-

quence, will not necessarily maintain the i.i.d. structure. Nevertheless, in case of

linear models, by invoking the frequently adopted independence assumption [65], the

i.i.d. property of the input sequence is carried over to the corresponding measure-

ment matrix, and thus one might be able to guarantee analytically-provable con-

trolled ERIP constants for the measurement matrix (as in the example of Section

6.3.1). Although we have not mathematically established any results regarding the

isometry of such structured matrices, simulation results reveal that input sequences

which give rise to measurement matrices satisfying the ERIP in linear models (e.g.,

i.i.d. Gaussian), also perform well in conjunction with non-linear models (See Sec-

tion IV). Nevertheless, the problem of designing input sequences, with mathematical

guarantees on the ERIP of the corresponding measurement matrices in the non-linear

models, is of interest and remains open.

6.3.4 Equalization/Predistortion in nonlinear communication

channels

Nonlinearities in communication channels are caused by Power Amplifiers (PA)

operating near saturation [21] and are addressed by channel inversion. Right inverses

are called predistorters and are placed at the transmitter side; left inverses are termed
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equalizers and are part of the receiver. Predistorters are the preferred solution in

single transceiver multiple receiver systems, such as a base station and multiple GSM

receivers.

Channel inversion is conveniently effected when Eq. (6.9) is restricted to

yi = b0xi + f(yi−1, . . . , yi−My
, xi−1, . . . , xi−Mx

) + ηi. (6.11)

In the above equation the present input sample enters linearly. If xi entered poly-

nomially, inversion would require finding the roots of a polynomial which does not

always result in a unique solution and is computationally expensive. The inverse of

Eq. (6.11) is given by

xi = b−1
0

[
yi − f(yi−1, . . . , yi−My

, xi−1, . . . , xi−Mx
)− ηi

]
,

iff b0 6= 0. (6.12)

Note that modulo the scaling by b0 correction, the system and its inverse are generated

by the same function. Hence, estimation of the direct process is equivalent to the

estimation of the reverse process.

6.4 Experimental results

In this section we compare through computer simulations the performance of

existing algorithms and the proposed algorithm. Experiments were conducted on

both linear and nonlinear channel setups. In all experiments the output sequence

is disturbed by additive white Gaussian noise for various SNR levels ranging from 5

to 26dB. SNR is the ratio of the noiseless channel output power to the noise power
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corrupting the output signal (σ2
y/σ

2
η). The Normalized Mean Square Error, defined

as

E[‖c(n)− c‖22]/E[‖c‖22]

is used to assess performance.

6.4.1 Sparse ARMA channel identification

In the first experiment sparse ARMA channel estimation is considered. The chan-

nel memory is My =Mx = 50 and the channel to be estimated is given by

yn = a1yn−6 + a2yn−48 + xn + b1xn−13 + b2xn−34

where [a1, a2] = [−0.5167 − j0.2828, 0.1801 + j0.1347] and [b1, b2] = [−0.5368 −

j0.9198, 1.0719 + j0.0318]. The system is stable as the roots of the AR part are

inside the unit circle.

The input sequence is drawn from a complex Gaussian distribution, CN (0, 1/5).

To reduce the realization dependency, the parameter estimates were averaged over 30

Monte Carlo runs. Program (Pℓ0) is solved by the CoSaMP [95], OMP [44, 100], log-

LMS [36] and SpAdOMP. Moreover, two conventional methods were used, namely,

the Least Squares (LS) and the LMS algorithm. The number of samples processed

was 500. The sparsity tuning parameter required by the log-LMS is summarized in

Table 6.2. The step size for the conventional LMS and the SpAdOMP was set to

µLMS = 1 × 10−2 and µSpAdOMP = 7 × 10−2. Note that the choice of the step size µ is

made near the instability point of each algorithm to provide the maximum possible

convergence speed.



Chapter 6: An Adaptive Greedy Algorithm for Estimation of Sparse Signals 133

Table 6.2: Choice of sparse parameters for log-LMS

SNR 5-8 11-17 20-26

γ1 7× 10−4 8× 10−4 9× 10−4
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(b) Learning curve for SNR=23dB

Figure 6.1: NMSE of the channel estimates versus SNR on a linear channel
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Fig. 6.1(a) shows the excellent performance match between the Genie LS, CoSaMP

and OMP, all of which have quadratic complexity. The LMS, log-LMS and SpAdOMP

have an order of magnitude less computational complexity, but only SpAdOMP

achieves a performance gain close to Genie LS (9dB less). If we repeat this ex-

periment for a fixed SNR level of 23dB and process 2000 samples, then as shown in

Fig. 6.1(b), log-LMS improves by 20dB; however, it achieves 4dB less performance

gain than SpAdOMP.

To demonstrate the support tracking ability of SpAdOMP, we run this experiment

and after 300 iterations we set a1 to zero. This time, since we have a support varying

environment, λ is set to λ = 0.8 in SpAdOMP. Fig. 6.2 illustrates the time evolution

of the estimates of a1. We note from Fig. 6.2, that the conventional LMS does not

take into account sparsity and hence the estimates are nonzero; while log-LMS and

SpAdOMP succeed in estimating the zero entries. However, SpAdOMP has a much

faster support tracking behavior for the estimation of the zero entries in comparison

to log-LMS.

6.4.2 Sparse NARMA channel identification

In the second experiment the following NARMA channel is considered

yn = a1yn−50 + a2y
2
n−9 + b1xn−8 + b2|xn−21|2xn−21

where [a1, a2] = [−0.1586 − j0.7064,−0.1428 − j0.0478] and [b1, b2] = [−0.8082 −

j0.5221,−0.5177 + j0.7131] and the channel memory is My =Mx = 50.

The experiment is based on 30 Monte Carlo runs and the input sequence is gener-

ated from a complex Gaussian distribution, CN (0, 1/4), consisting of 1000 samples.
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Figure 6.2: Time evolution of a1 signal entry on a linear ARMA channel
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(b) Nonlinear multipath channel

Figure 6.3: NMSE of the channel estimates versus SNR on nonlinear channels

This time, the methods used are CoSaMP, OMP and SpAdOMP, along with the stan-

dard LMS algorithm and least squares. The step size parameters µLMS = 6×10−3 and

µSpAdOMP = 0.3 are used for the conventional LMS and SpAdOMP. As Fig. 6.3(a)

reveals, OMP and SpAdOMP lag behind Genie LS by 5dB and 12dB respectively
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in performance. It is worth pointing out that SpAdOMP obtains an average gain of

nearly 19dB over the conventional LMS. Note that this significant NMSE gain is the

product of both the denoising mechanism and the compressed sampling virtue of the

CoSaMP algorithm, which are lacking in conventional adaptive algorithms such as

LMS.

6.4.3 Sparse nonlinear multipath channel identification

In this channel setup, a cubic baseband Hammerstein wireless channel with four

Rayleigh fading rays (two on the liner and two on the cubic part) is employed; all rays

fade at the same Doppler frequency of fD = 80Hz with sampling period Ts = 0.8µs.

The channel memory length is equal to M1 =M3 = 50 (for both the linear and cubic

parts) and the position of the fading rays is randomly chosen. In this experiment, 2000

samples from a complex Gaussian distribution CN (0, 1/4) were processed. Fig. 6.3(b)

illustrates that SpAdOMP provides an average gain of 11dB, over the conventional

LMS and 5dB over the log-LMS developed in [36].

6.5 Proof of Theorem 6.3.2

Note that, unlike CoSaMP, the iterations of SpAdOMP are not applied to a fixed

batch of measurements. Hence, we need to revisit the error analysis of CoSaMP

taking into account the time variations. Recall that the LMS update for w|Λ(n)(n) is

given by

w|Λ(n)(n) = w|Λ(n)(n− 1) + µφ∗
|Λ(n)(n)

(
y(n)− φT

|Λ(n)(n)w|Λ(n)(n− 1)
)
. (6.13)
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Suppose that the estimate at time n is given by c(n). Let

ǫ1(n) := ‖c− c(n)‖2, ǫ2(n) := ‖w|Λ(n)(n)−wo|Λ(n)‖2 (6.14)

where wo|Λ(n) is the optimum Wiener solution restricted to the set Λ(n), given by

wo|Λ(n) := R−1
|Λ(n)r (6.15)

with R := E{φ(n)φ∗T (n)} and r := E{φ∗(n)y(n)}. One can write

w|Λ(n)(n)−wo|Λ(n) =
(
I|Λ(n) − µφ|Λ(n)(n)φ

∗T
|Λ(n)(n)

)

×
{(

w|Λ(n−1)(n− 1)−wo|Λ(n−1)

)

+
(
w|Λ(n)(n− 1)−w|Λ(n−1)(n− 1)

)

+
(
wo|Λ(n−1) −wo|Λ(n)

)}
+ µφ∗

|Λ(n)eo(n), (6.16)

where eo(n) is the estimation error of the optimum Wiener filter, given by eo(n) :=

(y(n)−φT
|Λ(n)wo|Λ). Invoking the Direct-Averaging approximation [65], one can sub-

stitute φ|Λ(n)(n)φ
∗T
|Λ(n)(n) with R|Λ(n). Hence,

ǫ2(n) ≤ (1− µλM)ǫ2(n− 1) + µ‖φ|Λ(n)‖2|eo(n)|

+ (1− µλM)
{∥∥w|Λ(n)(n− 1)−w|Λ(n−1)(n− 1)

∥∥
2
+
∥∥wo|Λ(n−1) −wo|Λ(n)

∥∥
2

}
,

(6.17)

where λM is the minimum eigenvalue of R. Here we assume that the covariance

matrix R is non-singular, i.e., λM > 0. Note that the direct-averaging method

yields a reasonable approximation particularly when µ ≪ 1 [81]. A more direct and

rigorous convergence analysis of the LMS algorithm is possible, which is much more

complicated [52]. Hence, for the sake of simplicity and clarity of the analysis, we

proceed with the direct-averaging approach.
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In order to obtain a closed set of difference equations for ǫ1(n) and ǫ2(n), we need

to express the third and fourth terms of Eq. (7.17) in terms of ǫ1(n) and ǫ2(n) (and

time-shifts thereof). First, we consider the third term. Let

δ(n− 1) := w(n− 1)− c. (6.18)

Note that w(n− 1) is supported on the index set Λ(n− 1). Hence,

∥∥w|Λ(n)(n− 1)−w|Λ(n−1)(n− 1)
∥∥
2
=
∥∥cΛ(n)∆Λ(n−1) + δΛ(n)∆Λ(n−1)(n− 1)

∥∥
2

≤
∥∥cΛ(n)∆Λ(n−1)

∥∥
2
+
∥∥δ(n− 1)

∥∥
2

(6.19)

where ∆ represents the symmetric difference of Λ(n) and Λ(n− 1). The key here is

the fact that the support estimates Λ(n− 1) and Λ(n) contain most of the energy of

the true vector c, due to the restricted isometry of the measurement matrix and the

construction of the proxy signal. Consider the squared form of the first term in the

above equation:

∥∥cΛ(n)∆Λ(n−1)

∥∥2
2
=
∥∥cΛ(n)∩Λc(n−1)

∥∥2
2
+
∥∥cΛ(n−1)∩Λc(n)

∥∥2
2

≤
∥∥cΛc(n−1)

∥∥2
2
+
∥∥cΛc(n)

∥∥2
2

(6.20)

Hence,

∥∥cΛ(n)∆Λ(n−1)

∥∥
2
≤
√
2max

{∥∥cΛc(n−1)

∥∥
2
,
∥∥cΛc(n)

∥∥
2

}
(6.21)

Lemmas 4.2 and 4.3 of [95] provide the following bound on ‖cΛc(n)‖2:

∥∥cΛc(n)

∥∥
2
≤ γ(n)ǫ1(n− 1) + ξ(n)

∥∥η′(n)
∥∥
2

(6.22)

where

γ(n) :=
δ2s(λ, n) + δ4s(λ, n)

1− δ2s(λ, n)
, ξ(n) :=

2
√
1 + δ2s(λ, n)

1− δ2s(λ, n)
, (6.23)
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and

η′(n) := D1/2(n)η(n) + Diag
(
Φ(n)Θ(n)

)
(6.24)

with Θij(n) := λn−j−1
(
ci(n)−ci(j)

)
, for i = 1, 2, · · · , N and j = 1, 2, · · · , n−1. The

effective noise vector η′(n) consists of two parts: the first term is the exponentially-

weighted additive noise vector, and the second term is the excess error due to the

adaptive update of the proxy signal (in contrast to the batch construction used in the

CoSaMP algorithm). Note that the isometry constants δs(λ, n), · · · , δ4s(λ, n) are all

functions of n, since the matrix Φ(n) depends on n. If the input sequence is generated

by a stationary source, for n large enough, one can approximate the covariance matrix

R by the exponentially weighted sample covariance Φ∗T (n)D(n)Φ(n). Similarly, one

can approximate r by Φ∗T (n)D(n)r(n). In this case, we have wo|Λ(n) ≈ b(n), where

b(n) is the exponentially-weighted least squares solution restricted to the index set

Λ(n), given by

b(n) :=





(
D1/2(n)Φ(n)

)†
|Λ(n)D

1/2(n)r(n), on Λ(n)

0, elsewhere

(6.25)

Using this approximation, the ℓ2-norm of δ(n− 1) can be bounded as follows:

∥∥δ(n− 1)
∥∥
2
≤
∥∥w(n− 1)− b(n− 1)

∥∥
2
+
∥∥b(n− 1)− c

∥∥
2

≤ ǫ2(n− 1) +
∥∥b(n− 1)− c

∥∥
2

(6.26)

Moreover, using Lemmas 4.2, 4.3, and 4.4 of [95], one can express ‖c − b(n)‖2 in

terms of ǫ1(n) and η
′(n) as follows:

‖c− b(n)‖2 ≤
1

2
α(n)ǫ1(n− 1) +

1

2
β(n)

∥∥η′(n)
∥∥
2
, (6.27)
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where

α(n) := 2
(
1 +

δ4s(λ, n)

1− δ3s(λ, n)
)
γ(n), (6.28)

β(n) :=
2√

1− δ3s(λ, n)
+ 2
(
1 +

δ4s(λ, n)

1− δ3s(λ, n)
)
ξ(n). (6.29)

Denoting ‖c − b(n)‖2 by ǫ3(n) and using Eqs. (6.21), (6.26), and (6.27), one can

obtain the following recurrence relation for ǫ2(n):

ǫ2(n) ≤ (1− µλM)ǫ2(n− 1) + µ‖φ|Λ(n)‖2|eo(n)|

+ (1− µλM)
{∥∥wo|Λ(n−1) − c

∥∥
2
+
∥∥wo|Λ(n) − c

∥∥
2

+
∥∥w|Λ(n)(n− 1)−w|Λ(n−1)(n− 1)

∥∥
2

}

≤ (1− µλM)ǫ2(n− 1) + µ
∥∥φ|Λ(n)

∥∥
2
|eo(n)|

+ (1− µλM)
{
ǫ3(n) + 2ǫ3(n− 1) + ǫ2(n− 1)

}

+
√
2(1− µλM)max

{
γ(n)ǫ1(n− 1) + ξ(n)‖η′(n)‖2,

γ(n− 1)ǫ1(n− 2) + ξ(n− 1)‖η′(n− 1)‖2
}

(6.30)

From Lemma 4.5 of Needell et al. [95], one can write

ǫ1(n) := ‖c− c(n)‖2

≤ ‖c− bs(n)‖2 + ‖bs(n)− c(n)‖2

≤ 2‖c− b(n)‖2 + 4‖b(n)−w(n)‖2

≤ 2‖c− b(n)‖2 + 4‖wo|Λ(n) −w(n)‖2 + 4‖wo|Λ(n) − b(n)‖2, (6.31)

where the last line of Eq. (6.31) is obtained from the second line by adding and sub-

tracting wo|Λ(n) from b(n)−w(n), and using the triangle inequality. The last term on

the right hand side of Eq. (6.31) denotes the difference between the optimum Wiener
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solution and the LS solution, both restricted to the index set Λ(n). As mentioned

earlier, one can approximate the covariance matrix R by the exponentially weighted

sample covariance Φ∗T (n)D(n)Φ(n), and the correlation vector r by Φ∗T (n)D(n)r(n).

In this case, we have wo|Λ(n) ≈ b(n), and hence the contribution of the last term on

the right hand side of Eq. (6.31) to the steady-state error becomes negligible. Also,

by construction, the estimate w(n) is supported on the index set Λ(n). Hence, the

second term of Eq. (6.31) can be identified as 4‖wo|Λ(n)−w|Λ(n)(n)‖2 = 4ǫ2(n). With

the above-mentioned simplifications, one can arrive at the following set of non-linearly

coupled difference equations for ǫ1(n), ǫ2(n) and ǫ3(n):





ǫ1(n) ≤ 2ǫ3(n) + 4ǫ2(n),

ǫ2(n) ≤ (1− µλM)
{
2ǫ2(n− 1) + 2ǫ3(n− 1) + ǫ3(n)

}

+
√
2(1− µλM)max

{
γ(n)ǫ1(n− 1) + ξ(n)‖η′(n)‖2,

γ(n− 1)ǫ1(n− 2) + ξ(n− 1)‖η′(n− 1)‖2
}

+µ
∥∥φ|Λ(n)(n)

∥∥
2
|eo(n)|,

ǫ3(n) ≤ 1
2
α(n)ǫ1(n− 1) + 1

2
β(n)

∥∥η′(n)
∥∥
2
.

(6.32)

Although the above set of difference equations is sufficient to obtain the error measures

ǫ1(n), ǫ2(n), and ǫ3(n) for all n, the solution is non-trivial for general n due to its high

non-linearity. However, for large n, it is possible to obtain the steady-state solution.

It is easy to substitute ǫ3(n) in terms of ǫ1(n). Also, for large enough n, the arguments

of the max{·, ·} operator do not vary significantly with n. Hence, we can substitute

the maximum with the second argument. Hence, the steady-state values of ǫ1(n) and

ǫ2(n) can be obtained from the following equation:
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1− α(n) −4

−(1− µλM )
(
3
2α(n) +

√
2γ(n)

)
1− 2(1 − µλM)






ǫ1(n)

ǫ2(n)




≤
∥∥D1/2(n)η(n)

∥∥
2




β(n)

(1− µλM )
(
3
2β(n) +

√
2ξ(n)

)


+ µ

∥∥φ|Λ(n)(n)
∥∥
2
|eo(n)|



0

1


 . (6.33)

Note that, the contribution of proxy error term in η′(n) becomes negligible for

large n, due to the effect of forgetting factor, and the fact that the estimates c(n) do

not vary much with n. Hence, we can approximate η′(n) by D1/2(n)η(n) for large n.

In particular, the asymptotic solution to ǫ1(n) is given by:

ǫ1(n) . C1(n)
∥∥D1/2(n)η(n)

∥∥
2
+ C2(n)

∥∥φ|Λ(n)(n)
∥∥
2
|eo(n)| (6.34)

where,

C1(n) :=
4(1− µλM)

(
3
2
β(n) +

√
2ξ(n)

)

∆(n)
+

(
1− 2(1− µλM)

)
β(n)

∆(n)
, (6.35)

C2(n) :=
4µ

∆(n)
, (6.36)

and

∆(n) := (2µλM − 1)− (5− 4µλM)α(n)− 4
√
2(1− µλM)γ(n). (6.37)

Note that a sufficient condition for the above bound to hold is ∆(n) > 0.



Chapter 7

Construction of Pseudo-Random

Matrices for Compressed Sensing

7.1 Introduction

As mentioned in the introduction, several researchers have tried to simplify the

recovery process of compressed sensing by introducing structure into the measurement

matrix. The structure of the measurement matrix can potentially reduce both the

computational and storage costs.

In particular, several structured measurement matrices based on error correcting

codes have been proposed. Jafarpour et al. have proposed methods based on en-

coding and decoding of codes from expander graphs in [72]. In [1, 2], Akgakaya et

al. have introduced the low density frames inspired by LDPC codes, which allow

fast recovery using belief propagation techniques. Howard et al. [69] have proposed

measurement matrices based on Reed-Muller codes along with a fast recovery algo-

143
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rithm. Calderbank et al. [24] have constructed measurement matrices from the cosets

of second order Reed-Muller codes, such as Delsarte-Goethals and Kerdock codes. It

has been shown that these matrices satisfy a statistical version of the RIP, namely

UStRIP, which guarantees their near isometry property on all but a small fraction of

the underlying sparse signals.

In this chapter, we study the spectral properties of random matrices from binary

block codes, and show that under certain conditions these matrices resemble the

spectral behavior of i.i.d. random matrices [13,14]. It is well-known that several i.i.d.

random matrices satisfy the RIP (See, for example, [29] and [17]), which makes them

very appealing for compressed sensing. Therefore, random matrices from binary block

codes can be viewed as pseudo-random counterparts to i.i.d. random matrices, with

similarly appealing spectral behaviors.

Apart from the potential utility of random matrices from binary block codes in

compressed sensing, studying their spectral behavior is independently interesting from

the viewpoint of random matrix theory. It is well-known that the spectrum of certain

random matrices converges to deterministic distributions as the dimensions grow to

infinity. Canonical examples are the Wishart distribution for the sample covariance

matrix of a multivariate normal distribution [129], the Wigner semicircle law for the

asymptotic empirical spectral distribution of real symmetric i.i.d. random matrices

[128] and the Marchenko-Pastur law for the empirical spectral distribution of the

Gram matrix of real i.i.d. random matrices [90]. But, to the best of our knowledge,

very little is known about the spectral behavior of random matrices from binary

combinatorial structures.
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Let C be an [n, k, d] binary linear block code of length n, dimension k and min-

imum Hamming distance d over GF(2)n. The dual code of C, denoted by C⊥ is

an [n, n − k, d⊥] binary linear block code over GF(2)n such that all the codewords

of C⊥ are orthogonal to those of C with the inner product defined over GF(2)n.

Let ε : GF(2)n 7→ {−1, 1}n be the component-wise mapping ε(vi) := (−1)vi , for

v = (v1, v2, · · · , vn) ∈ GF(2)n. Finally, for p < n, let ΦC be a p × n random matrix

whose rows are obtained by mapping a uniformly drawn set of size p of the codewords

C under ε.

We study the empirical spectral distribution of the Gram matrix of 1√
n
ΦC and

show that for d⊥ sufficiently large, the asymptotic empirical spectral distribution is

very similar to that of random i.i.d. Rademacher matrices, which is given by the

Marchenko-Pastur distribution. We uniformly bound the distance of the asymptotic

empirical spectral distribution of the Gram matrix of 1√
n
ΦC to the Marchenko-Pastur

distribution as a function of y := p/n and d⊥. Numerical experiments on low-rate

BCH codes confirm the theoretical results. To the best of our knowledge, this is the

first result relating the randomness of a matrix from a binary vector space to the

algebraic properties of the underlying dual space. Not only this result is interesting

from the random matrix theory viewpoint, but also it introduces a new criterion for

the joint randomness of block codes or sequences.

The outline of the chapter follows next. In Section 7.2, we introduce the notation

and state the Main Result of this chapter followed by a discussion of the Main Result,

as well as numerical simulations. The detailed proof of the Main Result is presented

in Section 7.3. Finally, we study the group randomness properties of shortened first
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order Reed-Muller codes and Gold sequences in Section 7.4.

7.2 Main Result

7.2.1 Definitions and the Main Theorem

Before presenting the Main Result, we introduce the notation and state some

preliminary definitions:

A (n,M, d) binary code C is defined as a set ofM binary n-tuples such that any

two such n-tuples differ in at least d places, with d being the largest number with

this property. The Hamming weight of an n-tuple u ∈ GF(2)n, denoted by wt(u), is

defined as the number of non-zero elements of u.

Consider the group algebra over GF(2)n, in which the code C is represented by

the element

C :=
∑

u∈GF(2n)

cuz
u, (7.1)

where zu := zu1
1 zu2

2 · · · zun
n , and

cu :=





1 if u ∈ C

0 otherwise.

(7.2)

For a binary n-tuple u ∈ GF(2)n, let χu be the character mapping

χu(z
v) = (−1)u·v (7.3)

with u · v :=
∑

i uivi mod 2, for all v ∈ GF(2)n. Suppose that for a code C, corre-
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sponding to the element of the group algebra given by Eq. (7.1), we have

M =
∑

u∈GF(2)n

cu 6= 0. (7.4)

Now, consider the normalized linear span of C

D :=
1

MC2 =
∑

u∈GF(2)n

duz
u. (7.5)

The distance distribution of the code C is defined as the set {w0, w1, · · · , wn}, where

wi :=
∑

wt(u)=i

du. (7.6)

The transformed distance distribution of the code C under the character mapping is

given by the set {w′
0, · · · , w′

n}, where

w′
j :=

1

M
∑

wt(u)=j

χu(D). (7.7)

Finally, the dual distance of the code C is defined as d⊥ such that w′
i = 0 for 1 ≤ i ≤

d⊥ − 1 and w′
d⊥
6= 0. Note that when the code C is linear, we refer to the distance

distribution and the transformed distance distribution as the weight distribution and

the dual weight distribution, respectively. The dual of an [n, k, d] binary linear block

code C, is an [n, n−k, d⊥] binary linear block code, denoted by C⊥, with the property

that all the codewords of C⊥ are orthogonal to those of C.

We say that a p × n random matrix Φ is based on a binary linear block code

C, if the rows of Φ are obtained by mapping a uniformly drawn set of size p of the

codewords C under ε. In other words, let ci := (ci1, ci2, · · · , cin) be a codeword of the

code C. Then, for a randomly drawn set of p codewords Cp := {c1, c2, · · · , cp}, we

have Φij = (−1)cij for i = 1, 2, · · · , p and j = 1, 2, · · · , n. The Gram matrix of the

p× n matrix Φ is defined as G := ΦΦT .
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Let {λ1, λ2, · · · , λn} denote the set of eigen-values of an n × n matrix A. Then,

the spectral measure of A is defined by

µA :=
1

n

n∑

i=1

δλi
(7.8)

where δz is the Dirac measure. The empirical spectral distribution of A is defined as

MA(z) :=

∫ z

−∞
µA(dz) (7.9)

In particular, we denote byMMP (z) the distribution corresponding to the Marchenko-

Pastur measure µMP whose density is given by

dµMP

dz
:=

1

2πzy

√
(b− z)(z − a)1(a≤z≤b) (7.10)

with a = (1−√y)2 and b = (1 +
√
y)2.

The main result of this chapter can be summarized as the following theorem:

Theorem 7.2.1 (Main Theorem). Consider a sequence of [n, kn, dn] binary linear

block codes {Cn}∞n=1. Let ΦCn be a p × n random matrix based on Cn, GCn denote

the Gram matrix of the matrix 1√
n
ΦCn, and MCn(z) denote the empirical spectral

distribution of GCn. Finally, let rn be the greatest even integer less than or equal to

[(d⊥n − 1)/2], and let r := lim infn rn. Then, as n → ∞ with y := p/n ∈ (0, 1) fixed,

we have

lim sup
n

∣∣MCn(z)−MMP (z)
∣∣ ≤ c(y, r)

(
1

r
+

1

r2

)
(7.11)

almost surely for all z, where c(y, r) is a bounded function of r (explicitly given in

this chapter).
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7.2.2 Discussion of the Main Theorem

The Main Theorem states that the empirical spectral distribution of the Gram

matrix of the random matrix 1√
n
ΦC based on a binary linear block code C is very

close to the universal empirical spectral distribution of the Gram matrix of random

i.i.d. generated matrices (e.g., i.i.d. Gaussian or Rademacher matrices) as n → ∞,

if the dual distance of the code C is large enough. In particular, an i.i.d. gener-

ated Rademacher matrix can be viewed as a random matrix based on the [n, n, 1]

binary linear block code. This interpretation is reminiscent of the celebrated result

by Sidel’nikov [112]: for an [n, k, d] binary linear block code C with d⊥ ≥ 3, we have:

∣∣A(z)− Φ(z)
∣∣ ≤ 9√

d⊥
(7.12)

as n → ∞, where A(z) is the cumulative weight distribution function of the code C

and

Φ(z) :=
1√
2π

∫ z

−∞
e−t2/2dt. (7.13)

In this case, Φ(z) is the limit cumulative weight distribution of the [n, n, 1] code as

n→∞ (See Ch. 9 of [86] for details). Note that the dual distance of the code C gives

a distortion metric for comparing the asymptotic empirical distribution of a random

matrix based on C to the Marchenko-Pastur distribution. Moreover, the main result

implies that for a sequence of codes Cn for which the dual distance remains finite as

n → ∞ (e.g., r-th order Reed-Muller codes, R(r,m) [86] with r fixed as n → ∞),

the distortion can be quite small if the asymptotic dual distance is large enough.

However, the converse is not necessarily true.

The Main Theorem can be interpreted as a joint randomness test for codes or

sequences. For instance, consider pseudo-noise sequences which are widely used in



Chapter 7: Construction of Pseudo-Random Matrices for Compressed Sensing 150

several communications applications such as range-finding, synchronization, modula-

tion and scrambling [86]. A class of such sequences corresponds to [2m − 1, m, 2m−1]

shortened first-order Reed-Muller codes Sm [86]. Although shortened first-order

Reed-Muller codes have very appealing randomness properties along individual code-

words [86], it is straightforward to show that the spectral properties of random ma-

trices from these codes dramatically differ from those of random i.i.d. generated

matrices. Let ΦS be a full-rank p×n random matrix based on Sm, with n := 2m−1

and y := p/n < 1. Then, it can be easily verified that the eigen-values of the Gram

matrix of 1√
n
ΦS are equal to 1−y+1/n and 1+1/n with multiplicities 1 and p−1, re-

spectively [9]. Figure 7.1 shows the empirical spectral distribution of a random matrix

based on S8 versus the Marchenko-Pastur distribution for y = 63/255. As it is im-

plied from the figure, the two distributions are indeed different. Hence, pseudo-noise

sequences do not possess the joint randomness property of random i.i.d. generated

sequences. In contrast, the empirical spectral distribution of random matrices from

codes with larger dual distances (e.g., BCH codes) resembles that of random i.i.d.

generated matrices, as predicted by the Main Theorem.

Furthermore, the Main Theorem sheds light on the observations reported in the

literature of compressed sensing regarding the similarity of the behavior of the em-

pirical spectral distribution of sub-matrices of structured frames to those of random

frames (See, for example, [8] and [24]). In particular, Calderbank et al. [24] present

numerical experiments which reveal the similarity of the behavior of the condition

number of sub-matrices of frames from Reed-Muller codes with that of random Gaus-

sian matrices.
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Figure 7.1: Empirical spectral distribution for a random matrix based on the
[255, 8, 128] shortened first-order Reed-Muller code vs. Marchenko-Pastur distribu-
tion, for y = 63/255.

Also, note that the main result, which is valid for p < n, can not be readily

generalized to the case of p > n due to a fundamental loss of symmetry: as opposed

to the i.i.d. random matrix case, one can not interchange the roles of p and n, since

the columns of the resulting random matrix do not necessarily correspond to the

codewords of a code with the same dual distance. So is the case of random matrices

whose columns are i.i.d. selected, but whose rows have statistical correlations (See,

for example, [111]).

Finally, note that lim infn d
⊥
n must be sufficiently large for the upper bound to be

meaningful. For example, for y = 0.5, we need lim infn d
⊥
n ≥ 52 for the bound to be

less than 1. Moreover, although the result is asymptotic, numerical experiments on

low-rate BCH codes reveal the significant similarity of the empirical distributions to

the Marchenko-Pastur distribution for dimensions (and consequently, dual distances)

as small as n = 63. Figures 7.2-7.5 show the empirical spectral distribution and

density for matrices based on [63,30,6], [127,15,27], [255,21,55] and [511, 28, 111]
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Figure 7.2: Empirical spectral distribution and density for random matrices based on
a [63,30,6] BCH code for y = 6/63, 15/63 and 31/63.

BCH codes for y := p/n = 0.1, 0.25 and 0.5, respectively. As it can be observed

from these figures, the empirical distributions and densities of these matrices are

very similar to those of Marchenko-Pastur. In fact, for the [511, 28, 111] case, the

distributions are almost indistinguishable, even for y as small as 0.1.
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Figure 7.3: Empirical spectral distribution and density for random matrices based on
a [127,15,27] BCH code for y = 13/127, 32/127 and 63/127.

0 0.5 1 1.5 2 2.5 3
0

0.5

1
Empirical vs. Marchenko−Pastur CDF

y 
=

 2
5 

/ 2
55

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5
Empirical vs. Marchenko−Pastur PDF

 

 

0 0.5 1 1.5 2 2.5 3
0

0.5

1

y 
=

 6
4 

/ 2
55

0 1 2 3
0

0.5

1

1.5

0 0.5 1 1.5 2 2.5 3
0

0.5

1

z

y 
=

 1
27

 / 
25

5

0 0.5 1 1.5 2 2.5 3
0

0.5

1

z

Empirical

Marchenko−Pastur

Figure 7.4: Empirical spectral distribution and density for random matrices based on
a [255,21,55] BCH code for y = 25/255, 64/255 and 127/255.



Chapter 7: Construction of Pseudo-Random Matrices for Compressed Sensing 154

0 0.5 1 1.5 2 2.5 3
0

0.5

1
Empirical vs. Marchenko−Pastur CDF

y 
=

 5
1 

/ 5
11

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5
Empirical vs. Marchenko−Pastur PDF

 

 

0 0.5 1 1.5 2 2.5 3
0

0.5

1

x

y 
=

 1
28

 / 
51

1

0 1 2 3
0

0.5

1

1.5

0 0.5 1 1.5 2 2.5 3
0

0.5

1

z

y 
=

 2
55

 / 
51

1

0 1 2 3
0

0.5

1

z

Empirical

Marchenko−Pastur

Figure 7.5: Empirical spectral distribution and density for random matrices based on
a [511,28,111] BCH code for y = 51/511, 128/511 and 255/511.

7.3 Proof of the Main Theorem

Before presenting the proof of the Main Theorem, we need to establish a number

of lemmas. First, we state a lemma from probability theory, which is discussed in

detail in [54, Ch. XVI-3]:

Lemma 7.3.1. Let F be a probability distribution with vanishing expectation and

characteristic function φ. Suppose that F − G vanishes at ±∞ and that G has a

derivative g such that |g| ≤ m. Finally, suppose that g has a continuously differen-

tiable Fourier transform γ such that γ(0) = 1 and γ′(0) = 0. Then, for all z and

T > 0 we have

|F (z)−G(z)| ≤ 1

π

∫ T

−T

∣∣∣∣
φ(t)− γ(t)

t

∣∣∣∣dt+
24m

πT
(7.14)
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Proof. The proof uses smoothing techniques to cope with the fact that the underlying

density of F may not enjoy sufficient smoothness properties. The detailed proof can

be found in [54] and is thus omitted for brevity.

The next lemma establishes a basic fact regarding the minimum distance of the

dual code of a binary block code:

Lemma 7.3.2. Let C be an (n,M, d) binary block code with dual distance d⊥. Then,

any set of r ≤ d⊥ − 1 coordinates of the codewords of C contains each binary r-tuple

exactlyM/2r times, and d⊥ is the largest number with this property.

Proof. By the definition of d⊥ and the properties of the character mapping, we have

χu(C) = 0 for all u with wt(u) = 1, 2, · · · , d⊥ − 1. For wt(u) = 1, this implies that

each component of the codewords takes the values of 0 and 1 a total of M/2 times

each. For wt(u) = 2, this implies that any set of two components of the codewords

take the combinations 00, 01, 10, 11 a total ofM/4 times each, etc. Hence, any set of

d⊥ − 1 components of the codewords take all the possible (d⊥ − 1)-tuples a total of

M/2(d
⊥−1) times each. Since w′

d′ 6= 0, there must be a codeword u with wt(u) = d⊥

such that χu(C) 6= 0. Thus, the statement of the lemma follows.

The following lemma establishes the almost sure convergence of the first [(d⊥ −

1)/2] moments of µCn to those of µMP , as n→∞:

Lemma 7.3.3. Let µCn denote the spectral measure of the Gram matrix GCn corre-

sponding to a matrix ΦCn based on a binary linear block code Cn. Let

m
(ℓ)
Cn :=

∫
zℓµCn(dz), m

(ℓ)
MP :=

∫
zℓµMP (dz) (7.15)
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be the ℓth moment of the spectral measures µC and µMP , respectively. Then, for

ℓ = 1, 2, · · · , [(d⊥n − 1)/2], as n→∞ we have

m
(ℓ)
Cn → m

(ℓ)
MP =

ℓ−1∑

i=0

yi

i+ 1

(
ℓ

i

)(
ℓ− 1

i

)
(7.16)

almost surely, where y := p/n.

Proof. Let PCn be the probability measure induced by the i.i.d. selection of p code-

words from the [n, kn, dn] binary linear block code Cn. From the Borel-Cantelli Lemma

(See, for example, [5] or [120]), it is enough to show:

EPCn

{
m

(ℓ)
Cn

}
→ m

(ℓ)
MP =

ℓ−1∑

i=0

yi

i+ 1

(
ℓ

i

)(
ℓ− 1

i

)
(7.17)

and

EPCn

{(
m

(ℓ)
Cn

)2
−
(
EPCn

{
m

(ℓ)
Cn

})2}
= O

(
1

n2

)
(7.18)

where EPCn
is the expectation with respect to PCn .

Thus we need to prove that the average of the first d⊥n moments of the measure

µCn coincide with those of the Marchenko-Pastur density almost surely and that the

variance of these moments of µCn drops as 1/n2. In what follows, we drop the subscript

n for notational convenience. The ℓth moment of µC can be written as

EPC

{
m

(ℓ)
C

}
= EPC

{∫
zℓµC(dz)

}
= EPC

{
1

p

p∑

i=1

λℓi

}
(7.19)

=
1

pnℓ
EPC

{
Tr
{
(ΦΦT )ℓ

}}

=
1

pnℓ

∑

I,J
EPC

{
(−1)sI,J

}
,

where

I := {it}ℓt=1 ∈ {1, 2, · · · , p}ℓ, J := {jt}ℓt=1 ∈ {1, 2, · · · , n}ℓ, (7.20)
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sI,J := ci1j1 ⊕ ci2j1 ⊕ ci2j2 ⊕ ci3j2 ⊕ · · · ⊕ ciℓjℓ ⊕ ci1jℓ, (7.21)

with⊕ denoting the binary addition and the summation running over all I ∈ {1, 2, · · · , p}ℓ

and J ∈ {1, 2, · · · , n}ℓ. Note that sI,J corresponds to a directed cycle of length

2ℓ on a complete bipartite graph G = (X ∪ Y,E) with X := {1, 2, · · · , p} and

Y := {1, 2, · · · , n}, where cij corresponds to an edge from node i ∈ I to node j ∈ J .

First, mimicking the proofs of Wigner [128] and Marchencko and Pastur [90], we

argue that the only cycles which contribute to the above summation are those in which

every edge appears at least twice. To observe this, consider two index sets I and J .

Pick i1 ∈ I (without loss of generality) and let {ci1jt}mt=1 denote the components of ci1

appearing exactly once in the sum sI,J := ci1j1 ⊕ ci2j1 ⊕ ci2j2 ⊕ ci3j2⊕· · ·⊕ ciℓjℓ ⊕ ci1jℓ .

Clearly, m ≤ [(d⊥−1)/2] < d⊥. From Lemma 7.3.2 we conclude that the sum ⊕m
t=1ci1jt

takes the values of 1 and 0 equally many times, with respect to the probability measure

PC. Therefore, the average of (−1)sI,J will be zero.

Thus, the only cycles that contribute to the expectation are those in which every

edge appears at least twice. Moreover, if s := |I|+ |J | < ℓ, then the contribution of

such cycles drops at least as fast as 1/pnℓ−s, since there are at most ns such cycles.

Hence, such cycles can be ignored as n→∞. Hence, the only contributing cycles are

those whose skeleton is a tree and whose number is given by the right hand side of

Eq. (7.17) [5], [90].

Proving the second statement is very similar to the case of Wigner [5]. The
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variance of the moments can be written as:

EPC

{(
m

(ℓ)
C

)2
−
(
EPC

{
m

(ℓ)
C

})2}

=
1

p2n2ℓ

∑

I,I′,J ,J ′

EPC

{
(−1)sI,J⊕sI′,J′

}
− EPC

{
(−1)sI,J

}
EPC

{
(−1)sI′,J′

}
(7.22)

If I ∩ I ′ = J ∩ J ′ = ∅, there is no contribution to the variance. Also, there

can be at most m ≤ 2[(d⊥ − 1)/2] < d⊥ elements of a codeword, say c1, appearing

exactly once in the sum sI,J ⊕sI′,J ′. Similar to the previous case, the contribution of

such terms vanishes with respect to the probability distribution PC. Finally, it can be

argued that ( [5], [120]) the only loops that contribute have |I ∪ I ′|+ |J ∪ J ′| ≤ 2ℓ,

and the contribution of these terms in Eq. (7.22) drops as O(1/n2), since there at at

most n2ℓ such loops. This completes the proof of the Lemma.

Finally, the following lemma gives an upper bound on the moments of the Marchenko-

Pastur density:

Lemma 7.3.4. For the ℓth moment of the Marchenko-Pastur density m
(ℓ)
MP , we have:

m
(ℓ)
MP ≤

1

αℓ

√
2παℓ(1− αℓ)ℓ

(
yαℓ4H(αℓ)

)ℓ
(7.23)

where

αℓ :=
1

ℓ

⌊√
(2ℓy + y + 1)2 + 4ℓ(ℓ+ 1)y(1− y)− (2ℓy + y + 1)

2(1− y)

⌋

and H(z) := −z log2 z − (1− z) log2(1− z) is the binary entropy function.

Proof. We know that

m
(ℓ)
MP =

ℓ−1∑

i=0

yi

i+ 1

(
ℓ

i

)(
ℓ− 1

i

)
(7.24)
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for y ∈ (0, 1). The ratio of the ith and (i− 1)th terms in the above summation is the

following:

y
(ℓ− i+ 1)(ℓ− i)

i(i+ 1)
(7.25)

The largest integer i for which this ratio stays greater or equal to 1, namely i∗,

corresponds to the maximum summand in the above summation. Solving for i∗

yields:

i∗ =

⌊√
(2ℓy + y + 1)2 + 4ℓ(ℓ+ 1)y(1− y)− (2ℓy + y + 1)

2(1− y)

⌋
(7.26)

Hence, the ℓth moment can be upper bounded as

m
(ℓ)
MP ≤

ℓyi
∗

i∗ + 1

(
ℓ

i∗

)(
ℓ− 1

i∗

)
(7.27)

We can use the following version of the Stirling’s bounds on n!,

(n
e

)n√
2πn exp

( 1

12n+ 1

)
≤ n! ≤

(n
e

)n√
2πn exp

( 1

12n

)
(7.28)

in order to simplify the upper bound on m
(ℓ)
MP . Letting αℓ := i∗/ℓ, we get

m
(ℓ)
MP ≤

1

αℓ

√
2παℓ(1− αℓ)ℓ

(
yαℓ4H(αℓ)

)ℓ
exp

(
1

12ℓ
− 1

12(1− αℓ)ℓ+ 1
− 1

12αℓℓ+ 1

)

(7.29)

Noting that the argument of the exponential is always negative, the statement of the

lemma follows.

We now have all the ingredients for the proof of the Main Theorem:

Proof of the Main Theorem: We present a proof along the lines of Sidel’nikov’s

proof [112]. First of all, note that Tr(GCn) = p. Therefore, the first moment of the

spectral measure µC is equal to 1. Hence, the spectral measure of GCn − Ip×p has
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vanishing first moment. Clearly, the same statement holds for the Marchenko-Pastur

measure µMP , i.e., the density

g(z) =
1

2π(z + 1)y

√
(b− z − 1)(z + 1− a)1(a−1≤z≤b−1) (7.30)

has vanishing first moment. Now, let F and G in Lemma 7.3.1 be the distributions

corresponding to the spectral measure of GCn − Ip×p and g(z), respectively. Moreover,

it is easy to see that the density g(z) achieves its maximum for z = −y > (1−√y)2−1

and hence g(z) is upper bounded by

g(z) ≤ g(−y) = 1

π
√
2y(1− y)

. (7.31)

Let φ and γ denote the characteristic functions of the spectral measure of GCn and

µMP , respectively. More explicitly,

φ(t) :=
1

p

p∑

k=1

exp
(
itλk

)
(7.32)

We now invoke Lemma 7.3.1 to bound the difference of the distributions MCn(z) and

MMP (z) as follows:

∣∣∣MCn(z)−MMP (z)
∣∣∣ ≤ 1

π

∫ T

−T

∣∣∣∣
φ(t)e−it − γ(t)e−it

t

∣∣∣∣dt+
24

π2
√

2y(1− y)T
(7.33)

for some fixed T . Let rn be the greatest even integer less than or equal to [(d⊥n −1)/2].

Let r be a fixed number so that r ≤ rn for all n > N , for some fixed N . Using the

inequality ∣∣∣∣ exp(it)− 1− it

1!
− · · · − (it)r−1

(r − 1)!

∣∣∣∣ ≤
|t|r
r!

(7.34)

which can easily be verified by induction on r, we have the following bound on the

tail of the characteristic function φ(t):

∣∣∣∣φ(t)−
r−1∑

ℓ=0

m
(ℓ)
Cn
(it)ℓ

ℓ!

∣∣∣∣ ≤ m
(r)
Cn
|t|r
r!

(7.35)
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where m
(ℓ)
Cn is the ℓth moment of the spectral measure of GCn given by

m
(ℓ)
Cn :=

1

p

p∑

k=1

λℓk (7.36)

From Lemma 7.3.3 we know that m
(ℓ)
Cn → m

(ℓ)
MP almost surely as n → ∞, for ℓ =

1, 2, · · · , r. Hence, Eq. (7.35) can be written as

lim sup
n

∣∣∣∣φ(t)−
r−1∑

ℓ=0

m
(ℓ)
Cn
(it)ℓ

ℓ!

∣∣∣∣ ≤ m
(r)
MP

|t|r
r!
. (7.37)

Using the above equation, the integral in Eq. (7.33) can be upper bounded as

lim sup
n

1

π

∫ T

−T

∣∣∣∣
φ(t)− γ(t)

t

∣∣∣∣dt

≤ lim sup
n

1

π

∫ T

−T

1

|t|

∣∣∣∣
r−1∑

ℓ=0

m
(ℓ)
Cn
(it)ℓ

ℓ!
+

∞∑

ℓ=r

m
(ℓ)
MP

(it)(ℓ)

ℓ!
− γ(t)

∣∣∣∣dt

+
2

π

∫ T

−T

m
(r)
MP

|t|r−1

r!
dt. (7.38)

Now, consider the first integral on the right hand side of the above inequality. Let

ζn(t) :=
1

|t|

∣∣∣∣
r−1∑

ℓ=0

m
(ℓ)
Cn
(it)ℓ

ℓ!
+

∞∑

ℓ=r

m
(ℓ)
MP

(it)(ℓ)

ℓ!
− γ(t)

∣∣∣∣ (7.39)

Clearly,

ζn(t) ≤ ξn(t) :=

r−1∑

ℓ=1

∣∣∣m(ℓ)
Cn −m

(ℓ)
MP

∣∣∣ |t|
ℓ−1

ℓ!
. (7.40)

We will first show that ξn(t) is integrable over [−T, T ] for all n. We have:

∫ T

−T

ξn(t)dt = 2

r−1∑

ℓ=1

∣∣∣m(ℓ)
Cn −m

(ℓ)
MP

∣∣∣ T
ℓ

ℓ · ℓ!

≤ 2
( r−1∑

ℓ=1

∣∣∣m(ℓ)
Cn −m

(ℓ)
MP

∣∣∣
)

max
1≤ℓ≤r−1

T ℓ

ℓ · ℓ! . (7.41)

Using the bound of

T ℓ

ℓ · ℓ! < eT , (7.42)
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we get:

∫ T

−T

ξn(t)dt ≤ 2reT
(1
r

r−1∑

ℓ=1

∣∣∣m(ℓ)
Cn −m

(ℓ)
MP

∣∣∣
)
. (7.43)

By the Chebyshev’s inequality and Eq. (7.18), it is easy to see that for all ǫ > 0,

P

(∣∣∣m(ℓ)
Cn −m

(ℓ)
MP

∣∣∣ > ǫ

)
≤ O

( 1

n2

)
(7.44)

for all ℓ. Hence, the right hand side of Eq. (7.43) is bounded almost surely for some

large n, and thus ξn(t) is integrable almost surely. Next, by applying the Fatou’s

Lemma [105, p. 23] to the non-negative sequence ξn(t)− ζn(t), we get:

lim sup
n

∫ T

−T

ζn(t)dt ≤
∫ T

−T

lim sup
n

ζn(t)dt = 0 (7.45)

almost surely. Thus, we only need to consider the second integral on the right hand

side of Eq. (7.38), which is equal to

4

πr
m

(r)
MP

T r

r!
. (7.46)

Hence, we obtain the following asymptotic almost sure bound:

lim sup
n

∣∣∣MCn(z)−MMP (z)
∣∣∣ ≤

{
4

πr
m

(r)
MP

T r

r!
+

24

π2
√

2y(1− y)T

}
(7.47)

Invoking Lemma 7.3.4, we have:

m
(r)
MP ≤

1

αr

√
2παr(1− αr)r

(
yαr4H(αr)

)r
(7.48)

where αr is as defined in the statement of Lemma 7.3.4. Thus, the bound on the right

hand side of Eq. (7.47) simplifies to

4

παr

√
2παr(1− αr)r

(
yαr4H(αr)

)r
T r

r · r! +
24

π2
√
2y(1− y)T

(7.49)
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Using the Stirling’s approximation to lower bound r! and balancing the two terms on

the right hand side of the above equation with respect to T yields:

T =

{
12αr

√
αr(1− αr)√

2y(1− y)

} 1
r+1 r
(
yαr4H(αr)e

) r
r+1

(7.50)

Finally, substituting the above choice of T in Eq. (7.49) yields:

lim sup
n

∣∣∣MCn(z)−MMP (z)
∣∣∣ ≤

24
(

yαr4H(αr)e√
2y(1−y)

) r
r+1

π2
{
12αr

√
αr(1− αr)

} 1
r+1

(
1

r
+

1

r2

)
(7.51)

Note that since the choice of N was arbitrary, the above bound particularly holds for

r = lim infn rn, as n→∞. Letting

c(y, r) :=
24
(

yαr4H(αr)e√
2y(1−y)

) r
r+1

π2
{
12αr

√
αr(1− αr)

} 1
r+1

, (7.52)

with r = lim infn rn, we get:

lim sup
n

∣∣∣MCn(z)−MMP (z)
∣∣∣ ≤ c(y, r)

(
1

r
+

1

r2

)
, (7.53)

which establishes the claim of the Main Theorem.

7.4 Group Randomness of Pseudo-Noise and Gold

Sequences

We first briefly overview the definition, construction and pseudo-random proper-

ties of the shortened first-order Reed-Muller codes, as well as those of Gold sequences.
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7.4.1 Definition and randomness properties of shortened first-

order Reed-Muller codes

First-order Reed-Muller codes, denoted by R(1, m), are a family of [2m, m +

1, 2m−1] binary linear block codes. The dual of R(1, m) is the R(m − 2, m) Reed-

Muller code, which is a [2m, 2m −m− 1, 4] binary linear block code [86].

Let n = 2m, and let c = (c1, c2, · · · , cn) be a codeword of R(1, m). The shortened

first-order Reed-Muller code can be obtained by shortening the R(1, m) code via

taking a cross-section [86]. That is, taking all the codewords of R(1, m) which begin

with c1 = 0 and deleting the c1 coordinate. Thus, the shortened first-order Reed-

Muller code is a [2m − 1, m, 2m−1] code, which we refer to as the Simplex code Sm.

Let h(x) = xm+hm−1x
m−1+ · · ·+h1x+1 be a primitive irreducible polynomial of

degree m over GF(2). It can be shown that h(x) is the check polynomial of Sm [86].

Hence, the codewords of Sm can be generated by the feedback shift register realization

of the polynomial h(x).

Next, we briefly review some of the pseudo-randomness properties of the code-

words of Sm (See [86] for a detailed discussion and proof of these properties):

1) In any codeword (except for 1 and 0), there are 2m−1 ones and 2m−1− 1 zeros.

Let a run denote the maximal string of consecutive identical symbols in a string.

Then, we have:

2) In any codeword (except for 1 and 0), half of the runs have length 1, one

quarter have length 2, one eighth have length 3, and so on, as long as these fractions
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give integral numbers of runs. In each case, the number of runs of 0’s is equal to the

number of runs of 1’s.

Let ρ(τ) be the auto-correlation function of a codeword c defined by

ρ(τ) :=
1

n

n−1∑

j=1

(−1)cj+cj+τ (7.54)

where j + τ is interpreted modulo n. Then, we have:

3) The auto-correlation function of any codeword of Sm (except for 1 and 0) is

given by:

ρ(τ) =





1 for τ = 0.

− 1
n

for 1 ≤ τ ≤ 2m − 2.

(7.55)

7.4.2 Definition and randomness properties of Gold sequences

Gold sequences are a class of pseudo-random sequences which can be obtained by

XOR-ing the shifted versions of two PN sequences generated by two distinct primitive

polynomials [59]. Let h1(x) and h2(x) be two primitive polynomials of degree m over

GF(2), such that h1(α) = 0 and h2(α
δ) = 0 for some integer δ. Suppose that m 6= 0

mod 4. If δ = 2h+1 or δ = 22h−2h+1, and m/e is odd, with e := gcd(m, h), then the

two polynomials h1(x) and h2(x) are denoted by the preferred pair of polynomials.

Let u and v denote two PN sequences of length 2m−1, corresponding to the preferred

pair of polynomials h1(x) and h2(x), respectively. Then, the set of Gold sequences

G (u,v) is defined as:

G (u,v) := {ℜau,ℜbv, or ℜau⊕ ℜbv|0 ≤ a, b ≤ 2m − 2}
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where ⊕ and ℜ denote the binary XOR and cyclic shift operators, respectively. The

set G (u,v) consists of 22m − 1 binary sequences of length 2m − 1, with desirable

cross-correlation properties.

Let g1, g2 ∈ G (u,v). Then, it can be shown that [59] the cross-correlation between

g1 and g2 is either equal to −1, −t(m) or t(m)− 2, where

t(m) :=





1 + 2(m+1)/2 m odd

1 + 2(m+2)/2 m even

(7.56)

Similarly, the auto-correlation of each Gold sequence is a three-valued function taking

the values −1, −t(m) or t(m) − 2. It is also known that only (2m − 1)(2m−1 + 1) of

the Gold sequences are balanced (for m odd), i.e., contain 2m−1 ones and 2m−1 − 1

zeros [59]. Note that G (u,v) ∪ {0} is a [2m − 1, 2m] cyclic code [59], which we refer

to as Gm.

7.4.3 Spectral distribution of random matrices from short-

ened first-order Reed-Muller codes

We consider random matrices from shortened first-order Reed-Muller (Simplex)

codes Sm. It is easy to verify that the dual code of the Simplex code Sm is the

[2m − 1, 2m − m − 1, 3] Hamming code. Hence, the dual distance is not necessarily

large enough for the Main Theorem of [14] to give a meaningful bound. Indeed, the

following proposition establishes that the spectral distribution of a random matrix

from Sm is very different from the Marchenko-Pastur distribution [9]:



Proposition 7.4.1. Let ΦS be a p× n random matrix based on the shortened first-

order Reed-Muller code Sm (excluding the 1 and 0 codewords), where n := 2m−1 and

p < n. Suppose that all the rows of ΦS are distinct, i.e., ΦS is full-rank. Finally,

let y := p/n. Then, the eigen-values of 1
n
ΦSΦT

S
are given by

1− y + 1

n
, 1 +

1

n
, 1 +

1

n
, · · · , 1 + 1

n︸ ︷︷ ︸
p−1

.

Proof. Let G := 1
n
ΦSΦT

S
. Then, the elements of G are given by:

Gij =





1 i = j

− 1
n

i 6= j

(7.57)

To see this, we first note that for i = j, Gii is clearly equal to 1 doe to the normalization

by 1/n. Next, for i 6= j, we have Gij = 1
n

∑n
k=1(−1)cik+cjk , where ci and cj are the

ith and jth rows of ΦS . It is easy to see that

n∑

k=1

(−1)cik+cjk = n− 2dH(ci, cj) (7.58)

where dH(·, ·) denotes the Hamming distance. Also, for the simplex code Sm, we

have dH(ci, cj) = 2m−1. Substituting the later in Eq. (7.58) gives Eq. (7.57). Next,

we write G as

G =
n + 1

n
Ip×p −

1

n
1p×p (7.59)

where 1p×p is the all ones p× p matrix. Since the matrix 1p×p has only one non-zero

eigen-value equal to p, the statement of the proposition follows from Eq. (7.59).

Figures 7.6 and 7.7 show the empirical spectral distribution and density for a

random matrix based on the [511, 9, 256] simplex code S9 vs. Marchenko-Pastur law.
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Figure 7.6: Empirical spectral distribution for a random matrix based on the
[511, 9, 256] Simplex code for y = 127/511.
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Figure 7.7: Empirical spectral density for a random matrix based on the [511, 9, 256]
Simplex code for y = 127/511.
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Figure 7.8: Empirical spectral distribution for a random matrix based on Gold se-
quences of length 511 generated by the preferred pair of polynomials h1(x) = x9+x4+1
and h2(x) = x9 + x6 + x4 + x3 + 1, for y = 127/511.
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Figure 7.9: Empirical spectral density for a random matrix based on Gold sequences
of length 511 generated by the preferred pair of polynomials h1(x) = x9 + x4 + 1 and
h2(x) = x9 + x6 + x4 + x3 + 1, for y = 127/511.

As it can be observed from the figures, the distribution and density are dramatically

different from the Marchenko-Pastur law. In fact, the Kolmogorov distance of the

two distributions is about 0.55.

Figures 7.8 and 7.9 show the empirical spectral distribution and density for a

random matrix based on Gold sequences of length 511, generated by the preferred

pair of polynomials h1(x) = x9+x4+1 and h2(x) = x9+x6+x4+x3+1 vs. Marchenko-

Pastur law. As it can be observed from the figures, the distribution and density are

very similar to the Marchenko-Pastur law. By an application of the MacWilliams
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identity [86], it can be shown that the dual distance of the Gold sequence of length

511 is 5. Though, the Gold sequences surprisingly behave like random i.i.d. ±1

sequences, in the group randomness sense.

7.4.4 Kolmogorov complexity of shortened first-order Reed-

Muller codes and Gold sequences

As another measure of randomness, one can consider the Kolmogorov complexity

of pseudo-random sequences. Recall that the Kolmogorov complexity of an object is

the minimum length of a program that generates that object and halts, with respect

to a universal computer [40]. It can also be shown that the average Kolmogorov

complexity of an i.i.d. binary sequence x of length n is lower bounded by nH0(p),

where p := Pr(xi = 1) and H0 is the binary entropy function defined as H0(x) :=

−x log2 x− (1− x) log2(1− x).

Now, consider a codeword of the shortened first-order Reed-Muller code Sm, gen-

erated by the primitive polynomial h(x) = xm + hm−1x
m−1 + · · · + h1x + 1. The

following program can generate the ith codeword of of Sm:

Input the m-digit binary representation of i as the seed to the linear
feedback shift register given by the characteristic equation xn = xn−1hm−1+
xn−2hn−2 + · · ·+ xn−m+1h1 + xn−m. Print the output of length 2m − 1.

The Kolmogorov complexity of expressing the linear feedback shift register is clearly

m−1+c1, sincem−1 bits are enough to store the coefficients of h(x). Note that c1 is a

constant independent of i. Also, m bits are enough to store the binary representation
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of the integer i. Hence, the overall Kolmogorov complexity is upper bounded by

K (s ∈ Sm|n) ≤ 2m− 1 + c2 (7.60)

where c2 > 0 is a constant independent of i. Recall that the codewords of Sm (except

for 1 and 0) have 2m−1 ones and 2m−1 − 1 zeros. Therefore, the above upper bound

implies that the Kolmogorov complexity of a codeword of Sm is much smaller than

that of a random i.i.d. binary sequence of the same length with p = 2m−1

2m−1
≈ 1

2
, for m

large enough.

Similarly, the following program can generate a desired Gold sequence in G (u,v),

where u and v are generated by the preferred pair of polynomials h(x) := xm +

hm−1x
m−1 + · · ·+ h1x+ 1 and g(x) := xm + gm−1x

m−1 + · · ·+ g1x+ 1:

Generate u and v using the linear feedback shift registers based on
h(x) and g(x), respectively. Generate ℜav and ℜbu by cyclicly shifting v
and u a total of a and b times, respectively. XOR ℜau and ℜbv. Print
the output.

The Kolmogorov complexity of generating each of v and u is clearly bounded

by 2m − 1 + c2, as discussed earlier. Also, 2m bits are enough to express a and b.

Therefore, the overall Kolmogorov complexity is bounded by:

K (g ∈ G (u,v)|n) ≤ 6m− 2 + c3 (7.61)

where c3 > 0 is a constant independent of k. Similarly, the Kolmogorov complexity

of a Gold sequence is much smaller than that of a random i.i.d. binary sequence, for

m large enough.



Chapter 8

Summary and Direction for Future

Research

In this chapter, we summarize the contributions of this thesis, and discuss possible

future research directions. The main contributions of this thesis are the following:

• We have considered the problem of estimating an L-sparse vector x ∈ CM from

N noisy observations. We have constructed the joint typicality decoder, which

is asymptotically unbiased and achieves the Cramér-Rao bound on the mean

squared estimation error of the Genie-aided estimator without any knowledge of

the locations of nonzero elements of x, as M →∞ for α = L/N and β =M/L

fixed and 4
√
L(mini |xi|)/ 4

√
logL → ∞ as M → ∞. This is a surprising result,

since locations of the non-zero elements of the sparse vector x (asymptotically

represented by logM information bits) are not known to the estimator, yet it

achieves the performance of the Genie-aided estimator.

172
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• We have obtained a universal sufficiency conditions for asymptotically reliable

sparse recovery, which guarantees that for any sequence of L-sparse vectors

{x ∈ CM}M such that mini |xi| ≥ µ0 for some constant µ0, and any sequence

of N × M i.i.d. zero-mean Gaussian measurement matrices, it is possible to

achieve asymptotically reliable sparse recovery with overwhelming probability

as M,N,L→∞ with L/N and M/L fixed, if N > CL, for some constant C.

• We have developed a Recursive ℓ1-Regularized Least Squares (SPARLS) algo-

rithm for the estimation of a sparse tap-weight vector in the adaptive filtering

setting. We have presented analytical results regarding the convergence, steady

state error and parameter adjustments of the SPARLS algorithm. Simulation

studies, in the context of multi-path wireless channel estimation, show that the

SPARLS algorithm has significant improvement over the conventional widely-

used Recursive Least Squares (RLS) algorithm in terms of mean squared error

(MSE). Moreover, these simulation results suggest that the SPARLS algorithm

has a lower computational complexity than the RLS algorithm, when the un-

derlying tap-weight vector has a fixed support.

• We have developed a class of adaptive algorithms for sparse system identifica-

tion. These adaptive algorithms combine the Expectation-Maximization frame-

work and Kalman filtering. Simulation results on various linear and non-linear

channels reveal significant performance gains in comparison to the conventional

non-sparse methods.

• We have proposed an adaptive algorithm for sparse approximations (SpAdOMP)
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with linear complexity, employing the underlying principles of existing batch-

greedy algorithms. Analytical bounds on the steady-state MSE are obtained,

which highlight the superior performance of the SpAdOMP algorithm. The pro-

posed algorithm was applied to sparse NARMA identification and in particular

to NARMA channel equalization/predistortion. Simulation results validated

the superior performance of the SpAdOMP algorithm.

• We have studied the spectral distribution of random matrices from binary block

codes. We have proved that if the underlying block code has a large dual

distance, the empirical spectral distribution resembles the Marchenko-Pastur

distribution corresponding to the spectral distribution of i.i.d. ±1 random ma-

trices. Not only this result is interesting from the viewpoint of random matrix

theory, but also sheds light on the group randomness of pseudo-random se-

quences. Moreover. we have studied the group randomness and Kolmogorov

complexity of two classes of pseudo-random sequences, namely, shortened first-

order Reed-Muller codes and Gold sequences.

We next provide future research directions that are aimed to build on our previous

work:

• The problem of asymptotically reliable support recovery of sparse signals seems

to pose certain power constraints on the underlying signal. That is, asymptot-

ically reliable sparse recovery is achieved when the signal to noise ratio (SNR)

goes to infinity. An interesting research problem is to obtain sufficient condi-

tions which possibly relax this requirement to constant SNR.
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• It has been shown that the Cramér-Rao bound on the MSE of the Genie-aided

estimator can be obtained by the joint-typicality decoder, which has exponential

complexity in the dimension of the signal. Whether a polynomial time algorithm

can provably achieve the Cramér-Rao bound is an open problem.

• The existing adaptive algorithms for sparse estimation have provable perfor-

mance results for underlying signals with fixed support. Developing adaptive

algorithms with provable support tracking abilities is very important and to the

best of our knowledge remains open.

• We have proved that a sufficiency condition for the resemblance of the spectral

distribution of random matrices from a binary block code to the Marchenko-

Pastur law is having a large dual distance. However, simulation studies reveal

that this is not a necessary condition. An interesting research problem is to

strengthen this sufficient condition, and possibly obtain necessary conditions

thereof.

• Gold sequences have very small dual distances (4 or 5, independent of their

length). However, they manifest group randomness properties very similar to

i.i.d. random sequences. We conjecture that the spectral distribution of random

matrices from Gold sequences converges weakly to the Marchenko-Pastur law.
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