Qualifying Examination Basic Mathematics 2017

(1) (6 pts.)A Parallelepiped has one corner at the point (0,0,0) in Cartesian coordinates. The vectors from
this corner that delineate the three sides of the
parallelepiped at this point are:
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where 1|, j,K are unit vectors in the x,y, and z directions, 4
. v, X
respectively.

(a) What is the volume of the parallelepiped?
(b) What is the total surface area of the parallelepiped?
(c) What is the outward pointing unit vector from each of the two tilted faces of the parallelepiped

(2) (7 pts.)What is the solution to the differential equation

d
2d—¥+ 3y =e " cos(5t) subject to the boundary condition y(0) =1
(3) (7 pts.) A matrix transformation of the form B = QflAQ where all the matrices are square, non-
singular matrices is called a similarity transformation. Prove that A and B have the same eigenvalues.

Prove also that Tr(Q‘lAQ)z Tr(A), where Tr indicates the trace of the matrix ( the sum of its

0 2
diagonal elements). What are the eigenvalues and normalized eigenvectors of the matrix ( ?
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Solutions
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Note that V, eV, =0, v, ev, =0

Volumeis v, o (V, xV, )= 2i12i = 24

The area of a rhomboid bounded by vectors aand b is area =|axb |

area of rectangular end faces = 6 each

area of rectangular side faces= 2/17

area of remaining two faces is 12 each

Total surface area is 36+4\/ﬁ
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One output pointing vector is V, x V, =8j— 2K . Unit vector is

Second output pointing unit vector is —8J + 3K . Unit vector is

(2) The equation can be re-written as

(;—)t/+3y/2 =e ' cos(5t)/2=1e™ (ej5t +e’j5t)
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For homogeneous equation integration factor is €2 which gives
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where A is a constant

l( —t+j5t (0-5_ j5)+e—t—j5t (0-5+ J5)

y=:|¢ S5t o 7 j+ Ae® = Le (% (0.5— j5)+e ' (0.5+ j5))+ Ae ®

which gives



y = 26" (cos(5t)-10sin(5t)) + A™*", which from boundary condition gives A =-1/101.
3)If B=Q'AQthen Al-B=A1-Q'AQ = Q’l[/ﬂ - A]Q , where | is an identity matrix

Moreover |/1I - B| = ‘Q’luﬂ,l —A||Q| = |/1I —A| so the two matrices related by a similarity equation

have the same characteristics equations and eigenvalues.
Tr(QAQ) =Tr(AQQ*)=Tr(A)

Characteristic equationis  A* + 64 +8 =0, which gives the eigenvalues as -4, and -2.

0.707 —0.447
The corresponding normalized eigenvectors are and
-0.707 0.894






