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Lévy Flights in Fluid Flows with no Kolmogorov-Arnold-Moser Surfaces
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We investigate the Lévy flights observed experimentally in the transport of tracers in a temporally
irregular flow that has no Kolmogorov-Arnold-Moser surfaces, and show that the Lévy flights are due
to the sticking of the tracers near the walls. The tracer is found to spread superdiffusively with an
exponentn  3y2, in reasonable agreement with the experiments. [S0031-9007(97)03229-8]
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A random walk where the distribution of the individua
step sizes has a power law tail and an infinite variance
called aLévy flight. In contrast to ordinary diffusive pro
cesses, the growth of the variances2std of an ensemble of
random walkers that undergo Lévy flights can beanoma-
lous, so thats2std , tn, with n fi 1. The casen , 1 is
calledsubdiffusiveand the casen . 1 is calledsuperdif-
fusive. A question of considerable interest is the exte
to which the Lévy flights have a role in the description
physical phenomena [1,2].

One setting in which Lévy flights occur is the anom
lous diffusion seen in transport by two dimensional (2
area preserving maps and Hamiltonian systems. In th
systems, it is observed that chaotic orbits stick near
KAM (Kolmogorov-Arnold-Moser) boundary between th
chaotic and regular regions, and the probability distribut
of the sticking times has a power law tail [3]. This pow
law sticking can lead to superdiffusive behavior [4]. Pa
sive particle advection by an incompressible 2D fluid flo
is Hamiltonian and it is therefore expected that 2D flow
with coexisting regular (KAM) regions and chaotic region
will lead to anomalous transport of passive tracers [5].

The transport of a passive tracer in various fluid flo
regimes has been studied in a recent series of experim
[6–9]. In these experiments, fluid is pumped through
annular tank which is rotated. This sets up an essenti
2D flow with vortices in the interior of the tank. As
observed in this frame, the flow exhibits jets in the regio
near the (moving) walls. The trajectories of neutra
buoyant tracers immersed in the fluid are tracked
a video camera corotating with the average speed
the vortices. The variance of the azimuthal coordin
of the tracers and the distribution of the times that
tracer spends in the jets and the vortices are meas
experimentally.

Depending on external parameters of the experime
various flow regimes can be accessed, two of wh
display superdiffusion of tracers. In the first such regim
the flow is time periodic. In this case, a stroboscop
map of the tracer positions at the temporal period of
flow yields a 2D area preserving map, and an availa
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explanation for the superdiffusion is the mechanism
sticking to KAM surfaces [4]. In the other regime
the flow is temporally irregular but spatially smooth
As discussed subsequently, in a temporally irregu
flow, there can be no KAM surfaces. Nevertheles
superdiffusion is still observed with an exponentn 
1.55 6 0.25 [8]. In this regime, the distribution of
residence times in the jets decays algebraically with
exponentm ø 2.6, demonstrating that the tracers underg
Lévy flights. Since there are no KAM surfaces in th
flow, the mechanism leading to Lévy flights remains to b
resolved. Our purpose in this Letter is to analyze a mod
of the experimental flow and show that the superdiffusi
behavior can be due to the “sticking” of the tracers ne
the walls of the flow where the flow satisfies a no-sl
boundary condition.

We model the experimental flow by an incompre
sible, temporally irregular, and spatially smooth flo
in a straight channel (2` , x , ` and jyj # a) with
stationary walls aty  6a. In terms of the experiment,
x is analogous to the azimuthal coordinate andy is
analogous to the radial coordinate. The flow is given by
time dependent velocity fieldy  sssyxsx, y, td, yy sx, y, tdddd
in the frame in which the walls are stationary. Th
temporal variations have a correlation timetc which is
the coherence time of the spatial structures in the flo
The time averaged flowkyl at each point is longitudinal
(along the x direction) so thatkysx, y, tdl  sssys yd, 0ddd
[10]. The time averaged velocity is assumed to ha
nonzero shear, so thatys yd is not a constant across
the channel. The mixing transverse to the average fl
(y direction) is entirely due to the temporally irregula
variations in the velocity fieldy. Dispersion in thex
direction results from the interplay between the mixin
in the y direction and the advection in thex direction by
the spatially inhomogenous mean flow. This problem
analogous to that of the longitudinal dispersion of a trac
in a steady shear flow originally studied by Taylor [11
in which case the mixing across the streamlines is due
microscopic diffusion. In this latter case, the transport
the longitudinal direction is normal diffusion,n  1.
© 1997 The American Physical Society
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The key feature of our model is the hypothesis th
there is an appreciable region near the walls where
longitudinal velocity goes to zero at the wall (no-sli
approximately linearly with distance from the wall, i.e
neary  6a we have thatyx is approximately given by
the first term in its Taylor series aboutj yj  a, yx ø
sa 2 j yjdf6sx, td, where f6sx, td are spatially smooth
functions that vary on the time scaletc. Incompressibility
implies

yy ø f≠f6sx, tdy≠xg sa 2 j yjd2 (1)

near the walls so that the velocity transverse to the w
goes to zero quadratically in the distance from the wa
At a given positionx, yy is temporally irregular and for
time scales longer thantc, a particle near a wall execute
a random walk in the transverse direction. Near the wa
we can model the transport in the transverse direc
by diffusion with a diffusion coefficientD  ky2

yltc.
Equation (1) implies

Ds yd , sa 2 j yjd4. (2)

The diffusion coefficientDs yd approaches zero ver
rapidly near the walls. Consequently, tracers that
close to the walls will remain near the walls for a lon
time before they diffuse away. We refer to this behav
as sticking to the walls.

We model the distribution of the tracers by a dens
psx, y, td representing the number of tracer particles p
unit area in a small area element containingsx, yd at
time t. The tracer fluxG is given by G  py, where
y is the time dependent flow velocity. The avera
velocity is longitudinal and its contribution to the flux
ys ydpsx, y, tdêx . We model the mixing in the transvers
direction as diffusion iny with a y dependent diffusion
coefficient Ds yd satisfying (2) near the walls. This i
a good model for the transport in the flow near t
walls, but it does not accurately reflect the transport
tracer in the interior of the flow (because the step sp

Dtc  ky2
y l1y2tc can beOsad in the central channe

region). However, this should not matter for our scali
results because the anomalous transport that we obta
due to the sticking of the tracers near the walls (we ret
to this point subsequently). With these considerations,
write the fluxG as

G  ys ydpsx, y, tdêx 2 Ds yd
≠psx, y, td

≠y
êy . (3)

The conservation of the total amount of tracer implies t

≠p
≠t

 2= ? G 
≠

≠y

∑
Ds yd

≠p
≠y

∏
2 ys yd

≠p
≠x

. (4)

The flow is confined by the walls to the regionj yj , a
and we have no-flux in they direction as boundary
conditions aty  6a. We also impose the boundar
conditions psx, y, td ! 0 as x ! 6`. An analysis of
t
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Eq. (4) with these boundary conditions is carried out
[12]. It is found that s2std , tn with the anomalous
diffusion exponentn  3y2. We also obtain that the
distribution of the times the tracers are in the cent
region of the channelsj yj , bd decays exponentially and
the distribution of times when the tracers are near
walls sb , j yj , ad decays algebraically ast2m with
m  5y2 (independent of the choice ofb).

As previously remarked, diffusion is a good mod
for the transport near the boundaries but not in t
interior of the flow. In order to verify that the anomalou
diffusion is due to the sticking of the tracers near t
walls and that the results obtained from the diffusio
model in Eq. (4) are valid, we numerically analyze
model temporally irregular incompressible flow with th
appropriate boundary conditions.

This can be done in a computationally efficient way
we can obtain mapsTn: sx, yd ! sx0, y0d, where sx0, y0d
are the coordinates at timet  n 1 1 of a fluid element
that was atsx, yd at time t  n, so that we do not have
to numerically integrate the trajectories of all the trac
particles in a flow. For the numerical simulation, we tak
a  1 andtc , 1.

Note that since the flowysx, y, td is temporally irregu-
lar (in particular, not periodic), the time dependence ofy
in the intervaln # t , sn 1 1d is different from that in
the intervalsn 1 1d # t , sn 1 2d. Therefore, the maps
for the positions through the two intervals (i.e.,Tn and
Tn11) are different and this implies that KAM surfaces (o
indeed any invariant sets) are absent, since a set invar
underTn will not be invariant underTn11. Since we pre-
sume that the time dependence ofysx, y, td is chaotic, we
model the sequence of mapshTnj as varying withn in a
stochastic manner [13].

The mapTn is generated by an incompressible flo
with no-slip boundary conditions. Therefore, it is require
to have the following properties: (1) The mapTn should
be area preserving and (2) it should have no-slip, i.e.
y  61, Tnsx, yd  sx, yd.

We exploit the analogy between 2D incompressib
flows and Hamiltonian systems [14] to obtain the s
quence of mapshTnj. A Hamiltonian flow generates a
canonical transformationand the mapTn is consequently
a canonical transformation. Canonical transformatio
can be obtained using the technique ofgenerating func-
tions. If Fnsx0, yd is an arbitrary function of the coordi-
natex0 at timen 1 1 and the coordinatey at timen, the
mapTnsx, yd ! sx0, y0d defined implicitly by

x  ≠Fnsx0, ydy≠y, y0  ≠Fnsx0, ydy≠x0 (5)

is a canonical transformation and automatically ar
preserving. Here,x0 is implicitly defined in terms of
x and y, and we need to invert the equation forx in
terms of x0 and y to obtain the mapsx, yd ! sx0, y0d.
The map Tn for our model flow is the composition
of the maps obtained from the generating functio
3865
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Fasx0, yd  x0y 2 lsy 2 y3y3d and Fbsx0, yd  x0y 1

rys2pd cosf2psx0 1 rndg s1 2 y2d2. The map generated
by Fa gives the time averaged longitudinal flowxn11 
xn 1 ls1 2 y2

nd and the map generated byFb gives a
temporally irregular velocity field modulated by the tim
dependent quantitiesrn. Tn is defined implicitly by

xn  xn11 2 s1 2 y2
nd

3

µ
l 1

2r

p
yn cosf2psxn11 1 rndg

∂
,

yn11  yn 2 rs1 2 y2
nd2 sinf2psxn11 1 rndg .

(6)

Note that if yn  61, Tn satisfies the no-slip condition
xn11  xn. Equations (6) constitute the numerical mod
we use to study the transport of tracer in a bound
temporally irregular flow. Our reason for using the for
of the generating function in (5) is that it allows u
to impose the boundary conditions exactly (albeit at t
expense of making the map implicit).

In our simulations, we setl  1, r  0.3 and choose
rn on each time step to be a random sample uniform
distributed inf0, 1d. With this choice the correlation time
of the flow is of the order of one time step. We invert th
equation forxn in terms ofxn11 and yn using Newton’s
method. We follow 22 000 tracer particles that are initia
uniformly distributed in the region20.5 , x , 0.5 and
21 , y , 1. The mean positionxn is the average over
i of xnsid, wherexnsid is thex coordinate of theith tracer
particle at the time stepn. The variances2

n of the tracer
distribution is then calculated as

s2
n 

1
N 2 1

NX
i1

fxnsid 2 xng2. (7)

Figure 1 is a log-log plot of the variance of the trac
distribution at different time steps. The inset shows t
slope of the plot of the variance. The slope is initial
nearn  2 but then crosses over to a plateau nearn 
1.5 for large times. (Note the logarithmic time scale

FIG. 1. The variance of the tracer distribution for the nume
ical model flow. The inset shows the slope of the plot of t
variance.
3866
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the inset of Fig. 1 implying thatn is near 1.5 most of the
time.)

We have also tested the predictions that the distributio
of lifetimes in the central region is exponential and in th
region near the walls decays algebraically. We choose
threshold velocityyth  2y3 (the average velocity of the
transverse flow) and a time intervalT0  10. We assign
a tracer to state 1 (the central region) in the time interv
nT0 # t , sn 1 1dT0 if the average velocity overT0
stepsfxssssn 1 1dT0ddd 2 xsnT0dgyT0 . yth, and to state 2
otherwise. (The basic result is independent ofyth.)

Figure 2 shows a numerically obtained distributio
of the lifetimes in state 1. The solid line is a fit.
The distribution of lifetimes is exponential with a time
constant which is given by the slope of the straight line i
the linear-log plot.

Figure 3 shows a numerically obtained distribution o
the lifetimes for the events that correspond to the stickin
near the walls in the numerical model. The solid line ha
the theoretically predicted long-time, power law slope o
25y2  2m. The data are roughly consistent with the
theoretical prediction in the long-time limit.

In Refs. [7,8], analysis of the data from the temporall
irregular flow regime yields a value of the anomalous diffu
sion exponent ofn  1.55 6 0.25 [8] in good agreement
with our theoretical result ofn  3y2. Their experimen-
tal exponent for state 2 (motion near the walls) ism ø 2.6
[8] in agreement with our theoretical resultm  5y2 [15].
For state 1, our theoretical model has exponential decay
the lifetime distribution. In Ref. [8] the authors commen
that the distribution is “perhaps power law at intermed
ate times with crossover to exponential behavior at long
times but the data is inconclusive.”

In conclusion, we have studied the longitudinal dis
persion of a passive scalar in a bounded temporally
regular shear flow with no KAM surfaces in this Letter
We find that Lévy flights and superdiffusive behavior ca
arise as a consequence of tracers sticking to the walls d
to the boundary conditions of the flow. We obtain a

FIG. 2. The distribution of lifetimes when the tracers are no
stuck to the walls. The solid line is a fit.
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FIG. 3. The distribution of sticking times. The solid line ha
the theoretical slope of25y2.

anomalous spreading exponentn  3y2 in reasonable
agreement with recent experiments.
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