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Downlink Beamforming Algorithms with Inter-Cell
Interference in Cellular Networks
Tianmin Ren and Richard J. La Member, IEEE

Abstract— We study the issue of handling unknown inter-cell
interference in multi-cell environments with antenna arrays at the
base stations. First, we demonstrate that the presence of unknown
inter-cell interference that cannot be predicted accurately, can
significantly degrade the system performance when unaccounted
for. Second, we propose two algorithms that are aimed at providing a quality-of-service guarantee in the form of packet error
rate (PER) in the presence of unknown inter-cell interference.
The first algorithm is based on a derived expression for average
PER as a function of the distribution of experienced signal to
interference and noise ratio and dynamically adjusts the input
parameters based on the channel condition and interference.
The second algorithm makes use of the observation that the
distribution of inter-cell interference experienced by a mobile
can be well approximated by a log-normal distribution. We
demonstrate that these algorithms achieve the target PER.
Index Terms— Array signal processing, interference, power
control.

I. I NTRODUCTION

I

NCREASING demand for data applications over wireless
networks has stimulated much research on improving network capacity and providing quality of service (QoS) guarantees over unreliable, time-varying wireless channels with
limited bandwidth. Many approaches that reuse the communication resources in time, frequency and/or space domain, have
been proposed to this end. Among these approaches smart
antennas that exploit the spatial diversity of the mobiles, are
emerging as one of the most promising solutions.
Most of previous research on downlink beamforming using
antenna arrays at the base stations in a cellular network can
be categorized into two classes. The first class of research
focuses on designing algorithms for computing the beamforming weights (i.e., relative amplitudes and phase shifts
of antenna elements) and transmission power for each user
given a set of scheduled users [17], [19], [20]. This is often
modeled as an optimization problem, where the objective is to
minimize the total transmission power subject to the constraint
that each user’s signal to interference and noise ratio (SINR)
requirement is satisfied. The second class of research focuses
on the medium access control (MAC) layer with physical
layer user separability constraints. The goal of this class of
research is to maximize the number of scheduled users while
satisfying their SINR constraint. This problem is extended to
be combined with other multi-user access schemes such as
TDMA, OFDM and CDMA in [6]. The performance of various
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beamforming techniques has also been studied in the context
of UMTS [11], [13], [14].
Most of previous work on adaptive downlink beamforming
focuses on either (i) a single cell network where inter-cell
interference is neglected or (ii) a multiple cell network where
the calculation of the beamforming weights and transmission
powers for all BSs is conducted by a central resource manager.
In the latter it is assumed that the inter-cell interference can
be computed by the central resource manager and is known
to the beamforming algorithm. In both cases the beamforming
algorithm attempts to achieve a fixed target SINR for every
scheduled user assuming that the total interference, including
inter-cell interference, at each user can be accurately estimated.
However, centralized resource allocation is becoming impractical due to increasing complexity of sophisticated wireless
resource allocation algorithms, the large size of the network,
and growing interest to move the intelligence in a wireless
network to the edge of the network (i.e., BSs) to reduce the
feedback delays in channel estimation between the BSs and a
central resource manager.
Under distributed resource allocation at the BSs without
coordination, while the intra-cell interference can be estimated by the BSs, the inter-cell interference can no longer
be accurately estimated by them. As a result, the earlier
assumption that the total interference at a scheduled user can
be accurately predicted needs to be reconsidered. Moreover,
the traditional approach of aiming to achieve a fixed target
SINR is not suitable, if not impossible, as it requires that the
total interference at the scheduled users be known.
To the best of our knowledge there is a lack of a careful
investigation of the effect of unknown inter-cell interference
on the performance of beamforming and power control algorithms and how to deal with it. In this paper we address
these issues. The main contributions of the paper can be
summarized as follows: First, we study the performance of
a class of scheduling and beamforming algorithms in a multicell environment where each BS has channel information
only of the users in its own cell. We demonstrate that the
algorithms that do not account for inter-cell interference result
in unacceptably high packet error rates (PERs). Here we
select the achieved PER as the suitable parameter that reflects
the performance of the physical and data link layers, since
(i) the performance of the upper layers, especially transport
layer protocol, depends critically on the round-trip delays and
delay jitter packets experience and (ii) as mentioned earlier,
the traditional approach of aiming at a fixed target SINR is
not possible. Second, we propose two robust beamforming
and power control algorithms that can achieve target average
PERs even when inter-cell interference cannot be predicted
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accurately.
The first algorithm is based on a closed form approximation
of PER as a function of the realized SINR (given by link
curves). Although link curves have been used in the past to
simulate more realistic physical and link layer behavior, to
the best of our knowledge, our work is the first to exploit
a property of link curves to design algorithms for providing
QoS in the form of a guaranteed average PER in the presence
of unpredictable interference. The second algorithm exploits
the observation that the distribution of inter-cell interference
experienced by a user can be well approximated by a lognormal distribution. We show that both algorithms achieve the
target average PERs.
The paper is organized as follows. We describe the multicell network model under investigation in Section II. Section
III introduces optimal beamforming algorithms for a single
cell, and the performance degradation of these algorithms in
the presence of inter-cell interference is shown in Section IV.
We derive the average PER as a function of the target SINR
in Section V. The first proposed algorithm is outlined in
Section VI, followed by the second proposed algorithm in
Section VII. We conclude in Section VIII.
II. M ULTIPLE C ELL N ETWORK AND C HANNEL M ODELS
In this section we describe the multiple cell network model
used for our analysis and the adopted wireless channel models
employed in simulation.
A. Network model
We consider a network that consists of 7 co-channel cells
shown as the shaded cells in Fig. 1. The closest co-channel
cells of a cell can be found by (1) moving x cells along any
chain of hexagons, (2) turning 60 degrees counter-clockwise,
and (3) moving y cells (p. 28 [16]). In Fig. 1, x = 1 and y = 1.
A total of x2 + x · y + y 2 cells share the available spectrum.
We call this pair (x, y) the reuse pattern. The radius of each
cell is denoted by R.

Fig. 1.

Co-channel cells

We adopt a TDMA system model with FDD for the
simplicity of illustration, and time is assumed to be divided
into contiguous equal-sized timeslots. A BS is located at the
center of a cell and transmits packets to N users uniformly
distributed in the cell. We assume that a user always has a
packet ready for transmission when scheduled, i.e., infinite
traffic model. In each timeslot, each BS schedules a set of users
for transmission, and calculates the beamforming weights and
transmission powers for the scheduled users. We assume the
transmissions of the BSs are synchronized in our simulations.
Although we model a network consisting of 7 co-channel
cells, since we are interested in the performance of the
system with inter-cell interference, we focus on the cell at the
center. In this paper we approximate the inter-cell interference
experienced by a user with the interference from the closest cochannel cells. However, as one will see, the performance of our
proposed algorithms will not be affected by this assumption.
B. Channel model
In this paper we adopt the same multi-path wireless channel
models in [4]. Each BS is equipped with an antenna array,
where M omni-directional antenna elements are uniformly
located on a circle of radius r. Beamforming vector w =
[w1 , w2 , · · · , wM ]T satisfies wH w = 1. We assume that there
are L paths. The M × 1 antenna steering vector v(θ` ) at
m
direction θ` of the `-th path is defined to be [ejωτ` ; m =
1, . . . , M ], where ω is the carrier frequency, and τ `m is the
delay to the m-th antenna with respect to the first
 antenna.
 If
we assume that all paths are independent and E |s(t)|2 = 1,
where s(t) is the signal, the expected received signal power
H
is given
, where p is the transmission power,
PLby pw Hw H
H =
A
v(θ
)v
(θ` ), and A` is the variance of the
`
`
`=1
complex gain of the `-th path. The matrix H is called a spatial
covariance matrix.
We denote the spatial covariance matrix of user j with
respect to BS b as Hjb and the BS assigned to user j as
bj . The SINR of user j, denoted by SIN Rj , is given by
Sj /(Ijintra +Ijinter +n2j ), where Sj , Ijintra , and Ijinter are the
signal power, intra-cell interference, and inter-cell interference
received by user j, respectively, and n2j is the noise power at
user j.
For time varying channels, the variance of the channel gain
{A` (t); t = 1, 2, . . .} is a stochastic process. The random
variable (rv) A` (t) = (s` (t)f` (t))2 /dκ` , where s` (t) and f` (t)
are sequences of log-normal and Rayleigh rvs, respectively,
accounting for slow shadow fading and fast fading. The
variable d` denotes the distance from the BS to the user along
the `-th path and κ is the path loss exponent. We consider the
following four types of wireless channels in this paper.
1) Independent and identically distributed (i.i.d.) shadow
fading channel: A` (t) = s2` (t)/dκ` = e2r` (t) /dκ` , where
{r` (t), t = 1, 2, · · ·} is a sequence of i.i.d. Gaussian rvs with
zero mean.
2) Temporally correlated shadow fading channel: A ` (t) =
s2` (t)/dκ` = e2r` (t) /dκ` where {r` (t)} is a sequence of Gaussian rvs generated by r` (t + 1) = (1 − ρ)r` (t) + ρ · u` (t) and
{u` (t)} is a sequence of i.i.d. Gaussian rvs with zero mean.
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3) Rayleigh fading channel: A` (t) = f` (t)2 /dκ` where {f` (t)}
is a sequence of i.i.d. Rayleigh rvs, and thus {f `2 (t)} is a
sequence of i.i.d. exponential rvs.
4) Temporally correlated shadow fading plus Rayleigh fading
channel: A` (t) = (s` (t)f` (t))2 /dκ` where the sequence
{s` (t)} is generated in the same manner as in the temporally
correlated shadow fading channel model, and {f ` (t)} is a
sequence of i.i.d. Rayleigh rvs.
III. O PTIMAL BEAMFORMING FOR SINGLE CELL
In this section we briefly summarize a downlink beamforming algorithm proposed in [19]. This algorithm equalizes the
ratios of the achieved SINRs to some target SINRs (called
relative SINRs) in a single cell under the assumption that the
noise power at each user available to the BS is constant. It
consists of two phases; in the first phase, the minimum relative
SINR among the scheduled users is maximized (Algorithm I).
This is equivalent to finding the largest common relative SINR
ηc∗ under a power budget constraint ||p||1 = Pmax , where p is
the transmission power vector. Here ||·||1 denotes an L1 norm.
Let W = {wj , j ∈ U } be the ensemble of beamforming
vectors, where U is the set of scheduled users and |U| = U ,
and γj denotes the target SINR of user j. A set of users can
be scheduled with their respective SINR requirement satisfied
if ηc∗ ≥ 1, and a set of users that satisfies this condition is
called a feasible set.
A LGORITHM I:

FEASIBILITY (Pmax ;

(n)

= arg

wjH H̃j wj
max
,
H
||wj ||=1 wj Rj (q(n−1) )wj

Our first proposed algorithm in Section VI uses Algorithms
I and II as the basic underlying algorithms and adjusts the
target PER (and hence target SINR) fed to these algorithms
for each user based on the observed inter-cell interference in
order to achieve the real target PER.
IV. P ERFORMANCE D EGRADATION DUE TO I NTER - CELL
I NTERFERENCE
In this section we illustrate the effect of the inter-cell
interference on the realized average PERs of the users under
Algorithms I and II. For the numerical examples we adopt the
following scheduling algorithm at each BS [1]. Denote the sets
of co-cell users and scheduled users by N and U, respectively.
Each user j ∈ N is assigned a credit cj at the beginning of
simulation. The throughput of user j up to the beginning of
timeslot t = 1, 2, . . ., is given by Tj (t).
A LGORITHM III:

(1)

(n−1)

SCHEDULING

1(Pmax ; cj , Tj (t), Hj , n2j , γj , ∀j ∈ N )

D(W)σ
1T D(W)σ

1
Pmax

T

i

2

MINIMIZE POWER (Pmax ; Hj , nj , γj , ∀j

∈ U) .

This scheduling algorithm attempts to equalize the normalized throughput Tj (t)/cj of the users. Hence, these credits cj
are used to provide differentiated classes of service in terms
of the provided rates [1].
1

,

0.9

=
[1 · · · 1] , D(W)
= diag{γ1 /(w1H H1 w1 ), · · ·,
1
H
γU /(wU
HU wU )}, σ = [n21 , · · · , n2U ]T , Ψ(W) = [ψij , i, j ∈ U ], and
the interference caused by user j to user i per unit power ψij = wjH Hi wj if
i 6= j and ψij = 0 if i = j.
(n−1)
If λmax
− λ(n)
max ≤ ε, break.

(n)
STEP 3: If λmax
≤ 1, i.e., the set of users can be scheduled in the same timeslot,

output 1. Otherwise, output 0.

0.8

0.7

0.6
PER

•

D(W)ΨT (W)
1T D(W)ΨT (W)

1
Pmax

STEP 4: Output p(n) , W(n) .

STEP 3:
∀j ∈ U

P

h

STEP 3: Compute the optimal downlink transmission power vector given by p (n) =
(I − D(W(n) )Ψ(W(n) ))−1 D(W(n) )1.

• j ∗ = arg minj∈N1 Tj (t)/cj
• U = U ∪ {j ∗ }, N1 = N1 \ {j ∗ }
• If FEASIBILITY(Pmax ; Hj , n2j , γj , ∀j ∈ U ) = 0, then U = U \ {j ∗ }.

q
H̃k + I
where H̃j = Hj /n2j , and Rj (q(n−1) ) =
k∈U ,k6=j k
with I being the M × M identity matrix. The solutions to the above generalized
eigenproblems are given by the dominant generalized eigenvectors of the matrix
pairs [H̃j , Rj (q(n−1) )] for all j ∈ U .
(n)
• Find the largest eigenvalue λ(n)
, Pmax ) and the corresponding
max of Λ(W
(n)
(n)
eigenvector qext of the form qext = [q(n) ; 1], where
Λ(W, Pmax ) =

• Set n ← n + 1. Solve a set of U generalized eigenproblems defined in (1).
• Compute q(n) = (I − D(W(n) )ΨT (W(n) ))−1 D(W(n) )1.
• If ||q(n−1) ||1 − ||q(n) ||1 ≤ ε, break.

STEP 1: Initialize U = ∅ and N1 = N .
STEP 2: While N1 6= ∅, do

Hj , n2j , γj , ∀j ∈ U )

STEP 1: Set n = 0, q(0) = [0, · · · , 0]T , and λ(0)
max = ∞.
STEP 2: While 1, do
• Set n ← n + 1. Solve a set of U generalized eigenproblems:
wj

STEP 1: Set n = 0, and q(0) = [0, · · · , 0]T .
STEP 2: While 1, do

0.5

0.4

(n)
{λ max }

It is shown [19] that the sequence of eigenvalues
is monotonically decreasing and converges to the global minimum λ∗max , which is related to the maximum common SINR
ratio ηc∗ by the relation ηc∗ = (min λmax (Λ(W, Pmax )))−1 =
(λ∗max )−1 .

W

0.2

0.1

0

The second phase of the algorithm attempts to minimize the
total transmission power subject to SINR requirement given a
feasible set (Algorithm II).
A LGORITHM II:

0.3

MINIMIZE POWER (Pmax ;

Hj , n2j , γj , ∀j ∈ U )

0
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Fig. 2. Link curves of a TDMA system. (Transmission rate from the leftmost curve to the right-most curve: 14.5 kbps, 22.8 kbps, 33 kbps, 41 kbps,
48 kbps, and 65.2 kbps.
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TABLE I

service, i.e., all users have the same credit. The experimental
results with multiple classes of service are similar. Note that
reuse pattern
(1, 1)
Pmax
1015
PERtarget
2 % the realized average PERs of the center cell users are significantly higher than the target PER, which is set to 2 percent
N
15
M
6
r
λ
R
1,000 m
L
6
ρ
0.1 in our experiments (shown as the solid horizontal line in the
p
E [s` (t)]
1.78
κ
3.5 figure). This is because the inter-cell interference is ignored in
p V ar[s` (t)] 2.61
 2 
scheduling the users and calculating the beamforming weights
2
E f` (t)
1
V ar[f` (t)]
1
and transmission powers. In the case of temporally correlated
shadow fading plus Rayleigh fading channel, on the average,
In each timeslot the scheduling algorithm selects a set of 4.273 users are scheduled in each timeslot. However, only
users U for transmission at each BS. For each scheduled 0.449 packets are successfully transmitted per timeslot. Hence,
user j a target SINR value γj is determined from the target the PERs achieved by the beamforming algorithms that do
PER and a link curve that gives the PER as a function not account for the inter-cell interference (Fig. 3) are not
of SINR for a selected modulation and/or coding scheme. acceptable for data traffic. This calls for a design of a practical
The link curve we adopt in this section is the one for the beamforming algorithm that can take into account the presence
lowest transmission rate in a TDMA system, which is the of unknown inter-cell interference and achieve (close to) target
left most curve in Fig. 2 [8]. The corresponding modulation PERs in multi-cell environments, which is the focus of the
scheme is binary offset quadrature amplitude modulation (B- remainder of this paper.
O-QAM) [2]. The data points are shown as ‘*’ and the
V. A PPROXIMATION OF AVERAGE PACKET E RROR R ATE
solid curves are the fitting curves explained in Section V.
In this section we derive an expression for the average PER
Given target SINRs for the scheduled users in the cell, the
as
a function of the distribution of realized SINR. Most of
BS computes their beamforming weights and transmission
the
link curves, including the ones we used in the previous
powers using Algorithms I and II. The realized SINR at
experiments
(e.g., [8], [15]), can be fitted using a function of
each scheduled user, including both intra-cell and inter-cell
the
form
interference, is computed from the beamforming weights and
1
transmission powers of the scheduled users at all 7 BSs. After
P ER(SIN R) =
(2)
1 + ek(SIN RdB −z)
calculating the realized SINR values at the users, we use link
curves to decide whether a packet transmission is successful where SIN RdB is the SINR in dB, i.e., SIN RdB =
or not.
10 log10 (SIN R), and k and z are two fitting parameters
We conduct the experiment under various settings with that determine the slope and the position of the link curve,
several randomly generated scenarios. Although different reuse respectively.
The fitting curves are shown in Fig. 2 as solid curves for
patterns have been studied, here we only present the results
for the reuse pattern of (x, y) = (1, 1). The noise powers are different modulation and/or coding schemes. One can clearly
set to n2j = 1. The values of the parameters are listed in Table see that these fitting curves match the collected link data very
I, where λ is the wavelength of the carrier electro-magnetic closely. Link curves for systems other than the TDMA system
we studied are similar in shape but with different parameters.
wave.
Several example link curves are given in [15] for a CDMA
system.
The slope of a link curve reflects the sensitivity of
1
PER to SINR and is determined by the modulation and/or
coding scheme, packet length, characteristics of interference
0.8
and noise, etc.
For a reasonable target PER (less than 5-10 percent), we
0.6
can approximate (2) as follows:
0.4
1
P ER(SIN R) =
1 + ek(SIN RdB −z)
0.2
≈ e−k(SIN RdB −z)
PARAMETERS .

PER

S IMULATION

= ekz SIN R−α

0
IID shadow fading
Time correlated shadow fading
Rayleigh fading
Time correlated shadow fading plus Rayleigh fading

0

Fig. 3.

2

PER for

4

6

SCHEDULING

8
User index

10

(3)

where α = 10k/ ln 10. Since the realized SINR is a rv due to
random inter-cell interference, the (time) average PER P ER
is given by1
12

14

P ER = ekz SIN R−α

16

1 algorithm with single class of service.

Fig. 3 plots the achieved average PERs of the 15 users in the
center cell under various channel models with a single class of

(4)

where an overline is used to denote the (time) average. In
the following section we will use this approximation of the
average PER (4) to design a robust beamforming algorithm.
1 We

replace the approximation in (3) with an equality.
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VI. F IRST P ROPOSED A LGORITHM
In this section we describe our first proposed beamforming
algorithm for handling unpredictable inter-cell interference at
the scheduled users. The basic idea behind the proposed algorithm is to understand the relation between the average PER
and the intended target PER of the beamforming algorithm
when the average inter-cell interference is used as an estimate
of the unknown inter-cell interference at a scheduled user and,
based on this relation, to feed the beamforming algorithm with
a suitable virtual target PER (typically smaller than the target
PER) so that the realized average PER equals the target PER.
Assume that the inter-cell interference process at a user is
ergodic, and the time average of inter-cell interference at a
user converges to its expected value. Suppose that we estimate
the unknown inter-cell interference at a scheduled user using
the average inter-cell interference value in Algorithms I and
II. In other words, for each scheduled user j we replace the
noise power n2j with the sum of the noise power n2j and
the average inter-cell interference at the user. Then, assuming
that inter-cell interference is independent of the intra-cell
interference, one can show that the expected value of the
inverse of achieved SINR equals the inverse of target SINR
SIN Rtarget as follows.

  intra


I
+ I inter + n2
S, I intra
E SIN R−1 = E E
S
#
"
 inter 
intra
I
+E I
+ n2
=E
S
−1
= SIN Rtarget

(5)

where the last equality follows the fact that the beamforming
weights and transmission powers are selected so as to achieve

SIN Rtarget and the assumption that I inter = E I inter .
When the beamforming algorithm can achieve the target
SINR perfectly for each scheduled user, by substituting (5)
in (3) it is plain to see that the intended target PER P ER ?
of the beamforming algorithm corresponding to the selected
target SINR is given by
−α
P ER? = ekz SIN Rtarget

α
= ekz E SIN R−1 = ekz SIN R−1

α

.

P ER = e

SIN R−α

≈e

kz

SIN R−1

α

A. Proposed algorithm
From (4) and (6) we observe that the discrepancy between
α
P ER? and P ER arises from the fact that SIN R −1 and
SIN R−α differ. As mentioned earlier, if α > 1 we have
α
SIN R−α ≥ SIN R−1 (from Jensen’s inequality). As a
result, in order to achieve an average PER P ER equal to
a target PER P ERtarget the beamforming algorithm should
aim at a virtual target PER P ER? smaller than P ERtarget .
From the relation
P ER = ekz SIN R−α = ekz SIN R−1
= P ER? ·

?

= P ER .

Thus, if α ≈ 1, the realized P ER will be close to
P ER? . However, if α deviates considerably from one, since
α
SIN R−1 6= SIN R−α in general, the realized P ER may
significantly differ from P ER? . Moreover, from (6) and (4), if
α > 1, from Jensen’s inequality [12] we have ekz SIN R−α ≥
α
ekz SIN R−1 , i.e., P ER ≥ P ER? . In other words, the
realized average PERs tend to be larger than the intended target
PER of the beamforming algorithm, which is not desirable.
The value of α for the link curves in Fig. 2 is approximately
1.1. Thus, when estimated average inter-cell interference is
used as an estimate of the unknown inter-cell interference in
the calculation of beamforming weights and transmission powers, the realized average PERs are close to P ER ? . However,

SIN R−α
SIN R−1

α

α

·

SIN R−α
SIN R−1

α

,

it is clear that in order to achieve P ER = P ERtarget
the virtual target PER P ER? aimed at by the beamforming
algorithm must be set to
α

α

SIN R−1
SIN R−1
= P ERtarget ·
SIN R−α
SIN R−α
=  · P ERtarget ,
(7)

P ER? = P ER ·

α

where  = SIN R−1 /SIN R−α . We observe that  depends
on both the SINR distribution and the value of link curve
parameter α. Qualitatively, a larger fluctuation in SINR leads
to a smaller value of  because SINR is more likely to degrade
enough to cause large PERs at times and this needs to be
compensated for by setting a smaller virtual target PER. For
a similar reason, a larger slope of the link curve, captured by
α, leads to a smaller value of  because the link curve is more
sensitive to a fluctuation in SINR.
In order to calculate , both SIN R−1 and SIN R−α need
to be estimated. These can be estimated by a user using an
exponential averaging scheme. More precisely, when a user
receives a packet, it carries out the following updates:
ˆ
ˆ
−1
(1 − φ)SIN R−1 + φ · SIN Rnew
→ SIN R−1
−α
→ SINˆR−α
(1 − φ)SINˆR−α + φ · SIN Rnew

(6)

It is clear that if the link curve parameter α ≈ 1, then
kz

the value of α of the link curves in [15] is considerably larger
than one, and the average PERs are larger than P ER ? .

(8)

ˆ
where SIN R−1 and SINˆR−α are the estimates for SIN R−1
and SIN R−α , respectively. The parameter φ is the exponential averaging weight and is set to 0.1 in our simulation studies.
The variable SIN Rnew is the SINR experienced by the user
when it receives the packet.
Our new scheduling algorithm based on this observation,
referred to as SCHEDULING 2, is described below. Here
Iˆjinter (t) denotes exponentially averaged inter-cell interference
of user j.
2
SCHEDULING 2(Pmax ; cj , Tj (t), Hj , nj ,
ˆ −α
ˆ −1
inter
ˆ
Ij
(t), SIN Rj , SIN Rj , ∀j ∈ N )

A LGORITHM IV:

STEP
STEP
•
•

1: Initialize U = ∅ and N1 = N .
2: While N1 6= ∅, do
j ∗ = arg minj∈N1 Tj (t)/cj
U = U ∪ {j ∗ }, N1 = N1 \ {j ∗ }

6

0.05

• If FEASIBILITY(Pmax ;Hj , n2j + Iˆjinter (t), γj ,∀j ∈ U ) = 0, U = U \{j ∗ },
where γj satisfies ekz γj−α = j · P ERtarget .
MINIMIZE POWER (Pmax ;

Hj , n2j + Iˆjinter (t), γj , ∀j ∈ U )

0.04

Note that in this new algorithm, the target PER is replaced
by the virtual target PER j ·P ERtarget by selecting the target
SINR γj satisfying ekz γj−α = j · P ERtarget in both STEP 2
(Algorithm I) and STEP 3 (Algorithm II), and the noise power
n2j is replaced by the sum of the noise power and the average
inter-cell interference of the scheduled user.
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Fig. 4.

Plot of link curves with α = 2.

We evaluate the performance of SCHEDULING 2 algorithm
using the same setup used for Fig. 3 with a link curve shown
in Fig. 4. For the simulation we use the middle link curve
with α = 2 in the figure. The results are presented in Fig.
5 with both single service class and multiple service classes.
For temporally correlated shadow fading plus Rayleigh fading
channel model the average numbers of scheduled packets per
timeslot are 2.072 and 2.045 for these two cases, respectively,
and the numbers of successful transmissions are 2.032 and
2.006 correspondingly. For the multiple service classes case,
there are 10 users with credit of 1, and 5 users with credit of
2. It is clear that all users achieve an average PER close to
the target PER of 2 percent under SCHEDULING 2 algorithm
under all considered channel models .
Using the sum of average inter-cell interference and noise in
the beamforming algorithm with adjusted virtual target PER
P ER? decreases the average number of scheduled users in
a timeslot. The reason for this decrease in the number of
scheduled users is as follows. In Algorithms I and II, the
beamforming weights are computed to maximize the SINR of
each user on the virtual uplink (see eq. (1)) [19]. The increase
in noise reduces the elements in spatial covariance matrices
H̃j and the relative contribution from the identity matrix
I in Rj (q(n−1) ) becomes larger. Unlike spatial covariance
matrices the identity matrix has no directional sensitivity,
i.e., for any beamforming vector w with w H w = 1, wH Iw =
1. This is similar to having additional interference coming
in from all directions (pp. 225-226 [10]). As a result, the
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Fig. 5. PER for SCHEDULING 2 algorithm with a link curve of α = 2. (a)
single class, (b) multiple classes.

matrix R is more spatially uniform with the average inter-cell
interference term. This results in the beam pattern calculated
by (1) becoming less focused. This is in contrast to the case
where the beamforming vectors are calculated to minimize
the interference in certain directions when noise is negligible.
Because these beams are not as focused with inter-cell interference, users become less spatially separable and consequently
fewer number of users can be scheduled simultaneously in
each timeslot. The trade-off between the system throughput
and target PER is studied in the following subsection.
B. Effects of target PER and the number of antenna elements
on throughput
As mentioned earlier the number of users that can be scheduled together in a timeslot decreases when the beamforming
algorithm needs to compensate for unknown inter-cell interference in multi-cell networks. This decrease in throughput
depends on many factors, including the target PER. In this
subsection, using numerical examples, we study how the target
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PER affects the number of scheduled users per timeslot and
the resulting throughput of the system.
4.5
α=2.0, z=3.3624
α=2.0, z=8.3624
α=2.0, z=−1.6376

numbers of antenna elements M in Fig. 7, using the middle
link curve with α = 2 in Fig. 4. As expected, the throughput
of the system increases with M , and the marginal increase in
throughput with additional antenna elements decreases.
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C. Discussion on inter-cell interference
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Fig. 6.

Plot of target PER vs. throughput.

Fig. 6 shows the plot of the throughput in number of
successfully transmitted packets per timeslot for different link
curves with α = 2 shown in Fig. 4. One can see that for
reasonably small values of target PER, the system throughput
is a concave, increasing function of the target PER. This
increase in throughput with the target PER is in fact rather
significant. For example, raising the target PER from 2 percent
to 10 percent increases the system throughput by almost 2040 percent. This suggests that in order to improve the system
throughput by allowing larger target PERs, a new transport
layer protocol that can handle a higher PER and larger roundtrip delay jitter due to link layer retransmissions may be
desired. Moreover, notice that the increase in the throughput
with increasing target PER tends to be larger for link curves
with smaller SINR requirements.
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Fig. 7. Plot of target PER vs. throughput for antenna arrays with different
numbers of elements.

We also plot the throughput of the system for different

In this subsection we comment on the characteristics of
inter-cell interference experienced by the users in our simulations.
1) Log-normal distribution of inter-cell interference:
Clearly the distribution of the inter-cell interference experienced by a user in practice will depend on the adopted
scheduling and beamforming algorithms as the interference
depends on the set of users scheduled in co-channel cells and
their beam patterns. Since the performance and throughput
of the network depends on the distribution of the inter-cell
interference experienced by the users through the relation (7),
it is of interest to understand its distribution. Our simulation
results suggest that the distribution of the inter-cell interference can be well approximated by a log-normal distribution.
The histograms of the natural logarithm of the inter-cell
interference experienced by a selected user under different
scheduling algorithms and for different channel models under
SCHEDULING 2 are plotted in Figs. 8 and 9, respectively, of
[18]. The D-statistics obtained from Kolmogorov-Smirnov test
[12] using MLE fitting range from 0.0028 to 0.035, indicating
the accuracy of normal fitting. We refer interested readers to
[5] for a possible explanation for the emergence of a lognormal distribution.
2) Temporal correlation of inter-cell interference: Leung
investigated power control schemes for a TDMA system with
a single antenna element in a multiple cell environment [9].
He assumed that each packet from the higher layer gets
broken into multiple blocks, and a BS schedules a user
continually until the transmission of a packet is completed
before scheduling a next user. These consecutive transmissions
to the same user lead to strong temporal correlation in the
inter-cell interference, and as a result the average inter-cell
interference in the previous several timeslots gives a good
prediction for the inter-cell interference in the next timeslot.
If the capacity of a wireless system is high enough, which
is likely to be true in the future, a block or frame will be
able to accommodate an entire packet, and it will take only
one timeslot to complete the transmission of a packet, which
is the model assumed in our study. The plot of empirical
correlation coefficient of the inter-cell interference of a user
under various scheduling algorithms with temporally correlated shadow fading channel model is shown in Fig. 10 of [18].
The plot shows that the inter-cell interference exhibits rather
weak temporal correlation. This is because each BS typically
schedules a different set of users for transmission in each
timeslot, independently of other BSs. Therefore, the beamforming weights and transmission powers vary significantly
from one timeslot to next. These characteristics of a packet
switched cellular network lead to weak temporal correlation
of inter-cell interference experienced by a user.
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VII. A N A LTERNATE A LGORITHM FOR L OG -N ORMAL
I NTER -C ELL I NTERFERENCE
When inter-cell interference exhibits weak temporal correlation as shown in the previous section, it is difficult to
predict it accurately. However, if its distribution is known
and the parameters of the distribution can be estimated, such
information can be exploited to achieve the target PERs. In
this section we propose an alternate algorithm for achieving
target PER when the inter-cell interference is log-normally
distributed. This is done by first estimating the parameters
of the log-normal distribution and then using the estimated
parameters in a beamforming algorithm to predict the PER as
a function of transmission power.
Recall from (2) that, for a fixed signal strength S, the
achieved PER, denoted by P ER(S), can be expressed as
!α #
"
I intra + I inter + n2j
kz
P ER(S) = e E
S
!α
Z ∞
I intra + n2j + y
kz
f (y)dy .
=e
S
0
We assume that the inter-cell interference I inter is a lognormal rv with probability density function (pdf) f (y). A lognormal rv I inter can be written as I inter = eX where X is
a normal rv with parameters (µ, σ 2 ), and the pdf of I inter is
√
2
1
given by f (y) = e− 2σ2 (ln(y)−µ) /(yσ 2π). The j-th moment
of I inter can be computed from the pdf and is given by


1 2 2
E (I inter )j = ejµ+ 2 j σ .
(9)

In order to characterize the inter-cell interference of a user,
we need to estimate the parameters µ and σ 2 . Denote the
estimated values of µj and σj2 at the start of timeslot t by
µ̂j (t) and σ̂j2 (t), respectively. Each user updates its estimates
µ̂j (t + 1) and σ̂j2 (t + 1) using exponential averaging similar
to (8) in each timeslot.
Given the inter-cell interference distributions of the users,
the objective of the beamforming algorithm is to calculate the
beamforming weights and transmission powers so that the total
transmission power is minimized subject to the constraint that
the PER of each user is no larger than a target PER. The PER
constraint can be written as
!α
Z ∞
I intra + n2j + y
kz
f (y)dy
P ER(S) = e
S
0
≤ P ERtarget

The above integration needs to be computed numerically for
an arbitrary value of α. However, for an integer-valued α, we
can obtain a closed form solution using (9). Here we assume
α = 2, in which case the PER is given by
P ER(S)
2

1

2

2

(I intra + n2j ) + 2(I intra + n2j )eµ+ 2 σ + e2µ+2σ
.
=e
S2
It is clear that this constraint does not depend only on SINR,
and it changes the structure of the previous beamforming problem in the sense that we no longer aim at a target SINR while
kz

computing beamforming weights and transmission powers. As
a consequence, Algorithms I and II can no longer be used for
computing beamforming weights and power control. Instead,
we propose the following beamforming algorithm.
A LGORITHM V:

2

2

BEAMFORMING (Pmax ;Hj , nj , µˆj , σ̂j ,∀j
(0)

∈ U)

T

STEP 1: Set n = 0. Let p
= [1, · · · , 1] .
STEP 2: While 1, do
• Set n ← n + 1, solve a set of U decoupled generalized eigenproblems.
(n)

wj

wjH Hj wj
H
(n−1) )w
kwj k=1 wj Rj (p
j

= arg max

where Rj (p(n−1) ) =
• Calculate the
(n)

Ij

(n)
gain gj
=
(n−1)
pk

X

=

P

k∈U \{j}

(n)

(n)

=

(Ij

2

(n) 2
)

(gj



interference

for user j ∈ U

(n)

+ n2j ) + 2(Ij

(n)

∀j ∈ U .

(n−1)
p
Hk .
k∈U \{j} k
(n)
(n) H
Hj w j
and the intra-cell
wj
(n) H
(n)
wk
Hj w k
for user j ∈ U .

• Calculate the transmission power pj
(n)
pj

,

+ n2j )e

µ̂j + 1 σ̂ 2
2 j

P ERtarget e−kz

P

(n−1)

• If (i) maxj∈U |pj − pj
| ≤ , (ii)
n = thresh , break.
(n)
(n−1)
STEP 3: If maxj∈U |pj − pj
| ≤  and
f lag = 1. Otherwise, set f lag = 0.
STEP 4: Output f lag, p(n) , and W(n) .

j∈U

P

+e

2µ̂j +2σ̂ 2
j

! 21

pj > η · Pmax , or (iii)

j∈U

pj ≤ Pmax , then set

Unfortunately, the convergence of this algorithm is not
guaranteed and oscillation could occur. This is expected since
we do not explicitly use the estimated probability distribution
of inter-cell interference when computing the beamforming
weights, and such information is applied only to the power
control. Furthermore, the set of users being scheduled by
the algorithm may not be feasible, which will prevent the
algorithm from converging. For these reasons, the algorithm
(STEP 2) is terminated when the number of iterations n
reaches a preset threshold thresh or the total transmission
power exceeds η times of the maximum power constraint.
However, we will show that the computed beamforming
weights and transmission powers achieve P ER target when
they do converge.
The scheduling algorithm using Algorithm V is outlined
below.
A LGORITHM VI:
STEP
STEP
•
•
•
•

SCHEDULING

3(Pmax ;cj , Tj (t), Hj , n2j , µ̂j , σ̂j2 ,∀j ∈ N )

1: Initialize U = ∅, N1 = N .
2: While N1 6= ∅, do
j ∗ = arg minj∈N1 Tj (t)/cj
U = U ∪ {j ∗ }, N1 = N1 \ {j ∗ }.
2
2
BEAMFORMING (Pmax ;Hj , nj , µ̂j , σ̂j ,∀j ∈ U ).
If f lag = 0, U = U \ {j ∗ }.

STEP 3:

2

2

BEAMFORMING (Pmax ;Hj , nj , µ̂j , σ̂j ,∀j

∈ U ).

The performance of SCHEDULING 3 algorithm is illustrated
in Fig. 8 with both single service class and multiple service
classes. The figure shows that the achieved PERs are close
to P ERtarget for all channel models. However, the achieved
throughput of SCHEDULING 3 is considerably smaller than
that of SCHEDULING 2. For the temporally correlated shadow
fading plus Rayleigh fading channel model with a single
service class, 1.3988 packets are scheduled and 1.3687 packets
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are successfully received in each timeslot on the average.
An advantage of SCHEDULING 3 is, however, that the power
control for different users can be carried out in parallel
potentially on multiple processors. Therefore, it may lead to a
more scalable algorithm when BSs are equipped with multiple
processors for resource allocation.
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PER

0.03

In SCHEDULING 3 on the other hand, we only modify the
part of the algorithm that computes the transmission powers
while the beamforming weights are computed in a similar
manner. The power control of the scheduled users is carried
out individually while assuming that the transmission powers
of other scheduled users remain the same. One can view this
as a non-cooperative game among the scheduled users where
each user iteratively attempts to minimize its own power based
on the transmission powers of the other users subject to its own
PER constraint. An equilibrium (or a solution concept) of such
a non-cooperative game is called a Nash equilibrium, and it
is well known that a Nash equilibrium is in general inefficient
[3]. This provides a partial explanation for the decrease in
system throughput compared to that of SCHEDULING 2.
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